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Abstract
Calculating relevant entropic quantities of probability distributions and quantum states is a
fundamental task in information processing. The decision problem version of estimating the
Shannon entropy is the Entropy Difference problem (ED): given descriptions of two circuits,
determine which circuit produces more entropy in its output when acting on a uniformly random
input. The analogous problem with quantum circuits (QED) is to determine which circuit
produces the state with greater von Neumann entropy, when acting on a fixed input state and
after tracing out part of the output. Based on plausible complexity-theoretic assumptions, both
of these problems are believed to be intractable for polynomial-time quantum computation.
In this paper, we investigate the hardness of these problems in the case where the circuits
under consideration have logarithmic (EDlog and QEDlog) and constant depth (EDO(1) and
QEDO(1)), respectively. We first show that, relative to an oracle, these problems cannot be
as hard as their counterparts with polynomial-size circuits. Furthermore, we show that if a
certain type of reduction from QED to QEDlog exists, it implies that any polynomial-time
quantum computation can be performed in log depth. While this suggests that having shallow
circuits makes entropy estimation easier, we give indication that the problem remains intractable
for polynomial-time quantum computation by proving a reduction from Learning-With-Errors
(LWE) to EDO(1).
We then consider a potential application of our results to quantum gravity research via the
AdS/CFT correspondence. First, we introduce HQED, a Hamiltonian version of QED, where
one is given two local Hamiltonians and asked to estimate the entanglement entropy difference
in their ground states. We show that this problem is at least as hard as the circuit version by
providing a reduction from QED to HQED. With these results, we then discuss a potential
experiment that would make use of AdS/CFT in order to solve LWE efficiently. We conjecture
that unless the AdS/CFT bulk to boundary map is exponentially complex, this experiment
would violate the intractability assumption of LWE.
1 Introduction
The entropy of a probability distribution or a quantum state is a useful measure for characterising
information content with numerous applications in information theory. Shannon and von Neumann
entropies, both appear in data compression [Sch95] and asymptotic cryptography [DW05], and in
the case of the von Neumann entropy, entanglement theory [BBPS96]. Furthermore, this link
to entanglement theory has led to the use of the von Neumann entropy in condensed matter
theory [ECP10] and quantum gravity research [RT06].
Given its importance in physics and information theory, it is natural to ask how difficult it
is to estimate the entropy of a process. A natural way to formalise this question is in terms of
sample complexity : this looks at how many samples from an unknown probability distribution, or
how many copies of an unknown quantum state, are needed to estimate its entropy. Previous work
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has considered various algorithms, both quantum and classical, for computing the entropy of a
probability distribution [DKRB02,WY16,JVHW17,VV11], as well as entropies of quantum states
[HGKM10,AISW19,SH19]. More recently, it has been shown that for multiple entropy measures,
computing the relevant entropy is as hard as full state tomography [AISW19, SH19, OW15]. In
other words, the sample complexity would scale with the support of the probability distribution, or
the dimension of the Hilbert space for the quantum state, respectively. To provide some intuition
for why entropy estimation is difficult, in Appendix A, we use the computational complexity tools
of advice to give a simple proof that no algorithm exists for efficiently estimating the entropy of an
a priori unknown quantum state. In particular, we show that if the entropy of a (mixed) quantum
state could be estimated within additive error  in time that scales polynomially in the number
of qubits of the state and in log(1/), then such an algorithm could be leveraged to solve any
problem. To be more precise, it would imply that polynomial-time quantum computation with
quantum advice, could decide all languages, which is known to be false.
Rather than considering sample complexity, an operational way of capturing the complexity
of entropy estimation is to start with descriptions of two random processes and ask which process
produces more entropy in its output. The natural decision problem for this task was defined by
Goldreich and Vadhan [GV99] and is known as the entropy difference (ED) problem: given two
classical circuits C1 and C2, let C1(x) and C2(x) define the output distributions of the two circuits
when acting on an n-bit string, x, drawn from the uniform distribution over {0, 1}n; the problem
is to decide whether C1(x) has higher entropy than C2(x) or vice versa (promised that one of these
is the case and promised that the entropy difference is at least 1/poly(n)).
What can one say about the computational hardness of this problem? In [GV99] it was shown
that the problem is complete for the class SZK. This class, known as statistical zero-knowledge,
contains all decision problems for which a computationally unbounded prover can convince a
polynomial-time verifier that there exists a solution, when one exists (and fail to do so when
a solution does not exist) without revealing anything about the solution to the verifier1. Due to
oracle separation results [Aar02] and from the fact that certain cryptographic tasks (such as finding
collisions for a cryptographic hash function) are contained in SZK, it is believed that SZK contains
problems that are intractable even for polynomial-time quantum algorithms. Thus, the fact that
ED is complete for SZK tells us that we should expect a similar intractability for the problem of
distinguishing the entropies of general classical circuits.
Transitioning to the quantum setting, Ben-Aroya, Schwartz and Ta-Shma defined the analogue
of ED known as the quantum entropy difference (QED) problem [BASTS10]. In this case, the
input circuits C1 and C2 are polynomial-size quantum circuits acting on a fixed input state (say
the state |00...0〉), and a fraction of the output qubits are traced out. The remaining qubits will
generally be mixed quantum states. As in the classical case, the question is which of the two mixed
states (the one produced by C1 or the one produced by C2) has higher entropy, subject to the same
promise as for ED (that there is a 1/poly(n) gap in the entropy difference). Ben-Aroya et al showed
that QED is complete for the class QSZK, the quantum counterpart of SZK of problems admitting
a quantum statistical zero-knowledge proof protocol [BASTS10]. Assuming QSZK strictly contains
SZK, this would mean that QED is strictly harder than ED.
For both ED and QED the circuits under consideration were assumed to be polynomial in the
size of their inputs. A natural follow-up question is: does the hardness of these problems change
if we reduce the depth of the circuits? Specifically, what happens if the circuits have depth that is
logarithmic or even constant in the size of the input? Focusing specifically on the quantum case,
there are number of reasons why one would be interested in answering these questions. From a
complexity-theory perspective, it lets us compare and contrast QSZK to other classes in the inter-
active proofs model, such as QMA or QIP. Both of these classes have natural complete problems
with the inputs being circuits and in both cases the problems remain complete if the circuits are
1This last condition, known as the zero-knowledge condition, is formally defined by saying that there exists a
polynomial-sized circuit called a simulator that can approximately produce transcripts of the protocol for accepting
(or “yes”) instances.
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made to have logarithmic depth [Ros08, Ji17]. Furthermore, from a more practical perspective,
given that current and near-term quantum computing devices are subject to noise and imperfec-
tions, it is expected that the states produced in these experiments will be the result of circuits
of low depth. Estimating the entropy of these states would help in computing other quantities
of interest such as the amount of entanglement [BBPS96] or the Gibbs free energy [GHR+16]. It
is therefore important to know whether entropy estimation can be performed efficiently for states
produced by shallow circuits.
Lastly, we are motivated to answer these questions by recent connections between quan-
tum gravity research and quantum information theory, in the form of the AdS/CFT correspon-
dence [Mal99]. Briefly, AdS/CFT is a correspondence between a quantum gravity theory in a
hyperbolic bulk space-time known as Anti-de Sitter (AdS) space and a conformal field theory
(CFT) on the boundary of that space-time. The general idea is to compute physical quantities
of interest in the bulk quantum gravity theory by mapping them to the boundary field theory.
A surprising result to come out of this program is a correspondence between bulk geometry and
boundary entanglement known as the Ryu-Takayanagi formula [RT06]. It states that, to leading
order, the area of a bulk surface is equal to the entropy of the reduced state on the part of the
boundary that encloses that surface. Moreover, for certain families of boundary field theories, it is
conjectured that the underlying states can be approximated by logarithmic depth tensor networks
known as MERA (multi-scale entanglement renormalization ansatz ) [Swi12]. Thus, characterising
the complexity of entropy difference for shallow circuits could yield insight into the complexity of
distinguishing different bulk geometries in quantum gravity.
Motivated by all of these various aspects of entropy from shallow circuits, we thus initiate a
study of entropy distinguishability for shallow circuits and discuss the potential implications of
our results in physics. We show that both the classical and quantum versions of entropy difference
are hard assuming that the Learning-With-Errors (LWE) problem has no efficient algorithm, even
for a quantum computer. Since LWE serves as a basis for various schemes of post-quantum cryp-
tography, our result implies that entropy estimation for shallow circuits is intractable unless these
cryptographic schemes are unsecure. Remarkably, this result also holds for constant-depth quan-
tum and classical circuits. In contrast, we also show that both versions of entropy distinguishability
for shallow classical and quantum circuits are unlikely to be SZK-complete and QSZK-complete
respectively. Therefore, the entropy difference problem for both classical and quantum shallow
circuits occupies an interesting intermediate complexity. Finally, we consider a version of von
Neumann entropy difference where Hamiltonians are given as input, not circuits, and show that
this problem is at least as hard as the circuit-based version. This last result allows to relate these
computational complexity results to physical systems.
1.1 Main results
We start by defining EDδ (QEDδ) as the (quantum) entropy difference problem where the circuits
under consideration have depth δ(n), for some monotonically increasing function δ : N → N. We
will denote EDpolylog (QEDpolylog) and EDO(1) (QEDO(1)) to be the collection of all problems EDδ
(QEDδ), with δ(n) in O(polylog(n)) and O(1), respectively. Our first result gives an indication
that these problems are unlikely to be as hard as their poly-size counterparts. To show this, we will
consider SZKδ (QSZKδ) to be the set of problems that reduce to EDδ (QEDδ) under polynomial-
time reductions2. For δ(n) = polylog(n), we denote these classes as SZKpolylog and QSZKpolylog
respectively, and prove the following:
Theorem 1. There exists an oracle O such that SZKOpolylog 6= SZKO and QSZKOpolylog 6= QSZKO.
In particular, this means that SZKOlog 6= SZKO and QSZKOlog 6= QSZKO. The oracle we use is the
same as the one from the recent work of Chia, Chung and Lai [CCL19], showing the separation
2These correspond to statistical zero-knowledge protocols in which the verifier and simulator circuits have depth
δ(n).
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BPPQNC
O 6= BQPO, where QNC denotes the set of problems that can be solved by quantum circuits
of polylogarithmic depth. We conjecture that the oracle of Coudron and Menda [CM19], showing
the same separation, could also be used.
Our second result concerns a direct approach at trying to show that QSZKlog= QSZK and why
we believe this is unlikely. To explain this approach, let us first discuss the class QIP, of problems
that can be decided using an interactive proof system having a quantum verifier. A problem that
is complete for this class is the quantum circuit distinguishability problem (QCD), in which one is
given as input two quantum circuits and asked to determine whether, when restricting to a subset
of input and output qubits, the corresponding channels are close or far in diamond distance.
It was shown by Rosgen that this problem remains QIP-complete even when the circuits under
consideration are log-depth [Ros08]. This is achieved by constructing log-depth circuits that check
a “history state” of the original circuits, which uses a different construction to the Feynman-Kitaev
history state [KSV02]. One can also show that any QIP protocol can be made to have a log-depth
verifier, using the same history state construction. In analogy to Rosgen’s result, we can now
suppose that any QSZK protocol can be made into a QSZKlog protocol by having the prover send
history states of the computations that the verifier in the QSZK protocol would perform. It is clear
from the QIP result that making the verifier have logarithmic depth in a QSZK protocol does not
reduce the set of problems that can be decided by such a protocol. The question is whether in
addition to having a log-depth verifier, the transcript of such a protocol3 can be produced by a
log-depth circuit. We show that if this is possible, then since BQP ⊆ QSZK it would be possible to
simulate any BQP computation by “checking” this history state on a log-depth quantum computer.
This result can be stated as follows:
Theorem 2. If there exists a polynomial-time reduction from a QSZK protocol with a log-depth
verifier to a QSZKlog protocol which preserves the transcript of the QSZK protocol, then BQP =
BPPQNC
1
.
Based on these results, we conjecture that estimating the output entropy of circuits having
(poly)logarithmic or constant depth should be easier than for circuits of larger depth. Despite this
fact, our next result shows that even for these shallow circuits, entropy difference is still intractable
for polynomial-time classical and quantum algorithms, assuming the quantum intractability of the
Learning-With-Errors (LWE) problem:
Theorem 3. LWE ≤P EDO(1) ≤P QEDO(1).
LWE, a problem defined by Regev in [Reg09], serves as the basis for recently proposed crypto-
graphic protocols that are believed to be post-quantum secure. In other words, it is conjectured
that no polynomial-time classical or quantum algorithm is able to solve this problem. Recent
results have leveraged the versatility of this problem to achieve tasks such as verifiable delegation
of quantum computation [Mah18, GV19], certifiable randomness generation [BCM+18], and self-
testing of a single quantum device [MV20]. In all of these works, the protocols were based on the
use of Extended Trapdoor Claw-Free Functions (ETCF), introduced in [Mah18]. An ETCF family
consists of a pair of one-way functions, (f, g), that are hard to invert assuming the hardness of
LWE. Importantly, f is a 1-to-1 one-way function, whereas g is a 2-to-1 one-way function. An
essential property of these functions is that it should be hard (based on LWE) to determine which
is the 1-to-1 function and which is the 2-to-1 function, given descriptions of the functions. This
property is known as injective invariance. Consider what happens if we evaluate each of these
functions on a string x drawn uniformly at random from {0, 1}n. Given that f is a 1-to-1 function,
the distribution f(x) is still the uniform distribution over n-bit strings and will therefore have
maximum entropy, S(f) = n. On the other hand, since g is a 2-to-1, g(x) will be the uniform
distribution on half of the strings in {0, 1}n, thus having entropy S(g) = n− 1. This means that
given descriptions of f and g, if one can distinguish the entropy of their outputs, one can also solve
LWE, which effectively shows that LWE ≤P ED.
3Here we mean the transcript of the protocol for “yes” instances to the problem.
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While the above argument shows a reduction from LWE to ED, to obtain the result of Theorem 3
one would need an ETCF pair of functions that can be evaluated in constant depth. Such a
construction is not known to exist and so we adopt a different approach towards proving the result.
We start by showing that the ETCF functions defined in [Mah18] can be performed using log-depth
circuits, thus showing LWE ≤P EDlog. This follows from the fact that the specific ETCF functions
we use involve only matrix and vector multiplications, which can be parallelized and performed
in logarithmic depth4. To then go to constant-depth circuits, we use the result of Applebaum,
Ishai and Kushilevitz of compiling log-depth one-way functions to constant-depth [AIK06]. The
main idea is that, for a given function f , that can be evaluated in log-depth, as well as an input
string x, it is possible to produce a randomized encoding of f(x) using a circuit of constant depth.
A randomized encoding is an encoded version of f(x) from which f(x) can be efficiently (and
uniquely) reconstructed. The main difficulty of the proof is to show that the constant-depth
randomized encoders for f and g remain indistinguishable, based on LWE. This then implies the
desired result, LWE ≤P EDO(1). Since QEDO(1) is simply the quantum generalization of EDO(1),
the reduction EDO(1) ≤P QEDO(1) is immediate.
Having obtained this characterisation for the hardness of entropy difference with shallow cir-
cuits, we now wish to investigate the potential application of these results to physics. To make this
link, we first define a Hamiltonian version of the quantum entropy difference problem, which we
denote HQED. Informally, instead of being given as input two quantum circuits and being asked
to determine which produces a state of higher entropy, our input will consist of the descriptions
of two local Hamiltonians H1 and H2. Upon tracing out a certain number of qubits from the
ground states of these Hamiltonians, the problem is to decide which of the two reduced states has
higher entropy5. Unsurprisingly, it can be shown that this problem is at least at hard as the circuit
version:
Theorem 4. QED ≤P HQED.
The proof makes use of the Feynman-Kitaev history state construction to encode the history
state of a quantum circuit in the ground state of a Hamiltonian [KSV02]. Directly using the history
states of the circuits, C1 and C2, from an instance of QED would not necessarily yield the desired
result since those states have small overlap with the output state of C1 and C2. To get around this
issue, we make use of the padding construction from [NVY18], and pad the circuits C1 and C2 with
polynomially-many identity gates. It can then be shown that the resulting history states for these
new circuits will have overlap 1−1/poly(n) with the output states of C1 and C2. Correspondingly,
up to inverse polynomial factors, the entropy difference between these states and the original ones
is preserved.
If we now denote as HQEDlog and HQEDO(1) the analogous problems in which the ground
states can be approximated by circuits of logarithmic and constant depth, respectively, it follows
from the previous results that QEDlog ≤P HQEDlog and QEDO(1) ≤P HQEDO(1), and therefore
that LWE ≤P HQEDO(1) ≤P HQEDlog.
1.2 Discussion and open questions
In Theorem 1, as mentioned, the oracle used to separate SZKpolylog and SZK (QSZKpolylog and
QSZK) is taken from the work of Chia et al [CCL19]. Interestingly, Chia et al, along with Coudron
and Menda [CM19], speculate that their oracles could be instantiated based on a cryptographic
assumption, such as the hardness of LWE. We further conjecture that for our specific case this
should also be true. This would have the intriguing implication that the intractability of LWE
implies ED (QED) is “strictly harder” than EDlog (QEDlog), while at the same time, from Theorem
4The functions also require the ability to sample from a Gaussian distribution, but this can also be done in
logarithmic depth (following a preprocessing step that is done as part of the reduction) [Pei10].
5This is essentially the same as asking which of the two ground states has higher entanglement entropy, for a
given bipartition of the qubits in the two states.
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3, the intractability of LWE also implies EDO(1) (QEDO(1)) is hard for polynomial-time quantum
algorithms.
A natural open problem raised by our work is to characterise more precisely the complexity
classes induced by the shallow-depth versions of entropy difference (SZKlog, SZKconst, QSZKlog,
QSZKconst). We show that these correspond to zero-knowledge protocols in which the verifier and
simulator are bounded-depth circuits, but can one give other characterisations of these classes? We
have also seen that these classes appear to be strictly contained in their counterparts with general
polynomial-depth circuits. Thus, if estimating the entropy of shallow circuits is easier, what is the
runtime of the optimal quantum algorithm for deciding QED (or ED) for log-depth and constant-
depth circuits? It is also pertinent to ask this question not just for worst-case instances of the
problems, but also for the average case. LWE is assumed to be hard on-average, and thus we can
use the reduction to argue that ED should be hard on average for a particular range of parameters.
Can we say anything more general? What about the entropy of random quantum circuits? States
produced by random circuits will typically be highly entangled and thus typically subsystems will
have the maximum amount of entropy. Does this imply that all forms of entropy calculation for
random circuits is easy?
Another open problem has to do with the question of entropy ratio rather than entropy differ-
ence. As mentioned, the entropy difference between two circuits can be amplified to constant or
even polynomial in the input size, by simply repeating the circuits in parallel. However, this would
not affect the ratio between the output entropies. Could our techniques be used to show that even
the entropy ratio is hard to estimate based on LWE? We conjecture that the answer is yes and
that this could be achieved by extending the ETCF family to include functions that are 2m-to-1,
with m = poly(n+ k). The same reductions could then be used as in the entropy difference case.
In our reduction from LWE to EDO(1) we used the results of Applebaum et al in [AIK06] for
compiling log-depth circuits to constant depth. An appealing feature of their construction is that
the resulting circuits are “fairly local”, in that they have output locality 4. In other words, each
output bit depends on at most 4 input bits. They conjecture that it may also be possible to achieve
output locality 3. For the purpose of constructing one-way functions, this would be optimal since it
is impossible to generate one-way functions having output locality 2. We also conjecture that ED
for circuits with output locality 3 is hard for quantum computers. Could the compiling technique of
Applebaum et al be used to base the hardness of other natural problems in (quantum) information
theory on the hardness of LWE? The fact that the entropy difference problem is complete for SZK
gives a connection to cryptography, but can LWE be used to show that other natural problems are
hard for a quantum computer? Going further, is it possible to have some notion of fine-grained
computational complexity based on LWE?
Let us also comment on the use of LWE and ETCF functions to derive Theorem 3. LWE and
lattice problems are leading candidates in the development of post-quantum cryptographic proto-
cols due to their conjectured intractability even for quantum algorithms. Moreover, an appealing
feature of LWE for cryptographic purposes, is that one can reduce worst-case instances of lattice
problems to average-case instances of LWE [Reg09,Pei16]. Combining this with Theorem 3, means
that average-case instances (relative to a certain distribution over input circuits) of EDO(1) will
also be “at least as hard” as worst-case lattice problems. Thus, using LWE gives strong evidence
that EDO(1) is quantum intractable. ETCF functions then provide a very natural instance of an
entropy difference problem: determine whether a given function is 1-to-1 or 2-to-1. Such functions
differ by one bit in entropy, under a uniform input, but by the injective invariance property it is
at least as hard as solving LWE to tell which is which. It is then only necessary, for our results,
to show that these functions can be evaluated by circuits of constant depth. As mentioned, this
can be achieved in a relatively straightforward manner by first showing that the functions can be
evaluated in log depth and then using the compiling technique of Applebaum, Ishai and Kushilevitz
to achieve constant depth.
Given the relevance of the von Neumann entropy for quantum gravity research, it is natural to
ask what impact our results have for the AdS/CFT correspondence. As previously mentioned, if
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states on the boundary are described by log-depth tensor networks according to MERA, then com-
puting the entropy for these states should inform the bulk geometry contained within a boundary.
If computing the entropy of the boundary is difficult even for quantum computers, then this poses
a challenge to the quantum version of the Extended Church Turing thesis. That is, in some sense,
quantum gravitational systems cannot be simulated efficiently by a quantum computer. Bouland,
Fefferman and Vazirani have also explored this challenge to the thesis from the perspective of the
wormhole growth paradox using the tools of computational complexity [BFV19]. In particular,
they showed that one can prepare computationally pseudorandom states on the boundary CFT.
These are efficiently preparable ensembles of quantum states that require exponential complexity
to distinguish from each other. Importantly, the states can have different circuit complexities and
under the AdS/CFT correspondence this would correspond to different wormhole lengths. An
observer in the bulk could, in principle, determine the length of a wormhole, however the cir-
cuit complexity of the boundary states should be computationally intractable to determine. They
conclude that either the map from bulk to boundary in the AdS/CFT duality is exponentially
complex, or a quantum computer cannot efficiently simulate such a system.
With our final result in Theorem 4 as a basis, we can make tentative connections to the
AdS/CFT duality and reach a similar conclusion to the Bouland et al result. If one can have
ground states of differing entanglement entropy, based on LWE, for a CFT Hamiltonian then this
will correspond to differing bulk geometries. An observer in the bulk can, in principle, efficiently
differentiate between these geometries. Based on this, we can devise an experiment that allows for
the efficient estimation of the ground state entanglement entropy of our Hamiltonian. We conjec-
ture that unless the AdS/CFT bulk to boundary map is exponentially complex, this experiment
would violate the intractability assumption of LWE. We leave it open whether one can more for-
mally describe our experiment by giving a Hamiltonian for the CFT whose grounds states encode
the hard problem, instead of just positing that the CFT is prepared in one of those states.
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2 Preliminaries
2.1 Notation
We write N for the set of natural numbers, Z for the set of integers, Zq for the set of integers
modulo q, R for the set of real numbers, H for a finite-dimensional Hilbert space, using indices
HA, HB to specify distinct spaces. L(H) is the set of linear operators on H. We write Tr(·) for
the trace, and TrB : L(HA ⊗ HB) → L(HA) for the partial trace. Pos(H) is the set of positive
semidefinite operators and D(H) = {X ∈ Pos(H) : Tr(X) = 1} the set of density matrices (also
called states).
Given A,B ∈ L(H), ‖A‖1 = Tr
√
A†A is the Schatten 1-norm, TD(A,B) = 12‖A−B‖1 the trace
distance, F (A,B) =
[
Tr
√√
AB
√
A
]2
the fidelity, and S(A) = −Tr(A logA) the Von Neumann
entropy.
Probability distributions will generally be over n-bit binary strings and so will be functions
D : {0, 1}n → [0, 1] for which D(x) ≥ 0, for all x ∈ {0, 1}n and ∑x∈{0,1}n D(x) = 1. The Shannon
entropy of a distribution is
S(D) = −
∑
x∈{0,1}n
D(x) log(D(x)). (1)
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Here we are abusing notation since S denotes both the Shannon entropy and the Von Neumann
entropy and it will be clear from the context which notion of entropy is being used. We will also
use h : [0, 1]→ [0, 1] to denote the binary entropy function h() = −1 log()− 11− log(1− ).
We write Supp(D) = {x | D(x) > 0} for the support of the distribution D. The Hellinger
distance between two distributions is:
H2(D1,D2) = 1−
∑
x
√
D1(x)D2(x). (2)
Note that:
||D1 −D2||TV = 1
2
∑
x
|D1(x)−D2(x)| ≤ H2(D1,D2), (3)
where || · ||TV is the total variation distance.
For a finite set S, we write x←U S to mean that x is drawn uniformly at random from S. In
general, x ←χ S will mean that x was drawn according to the distribution χ : S → [0, 1] from S.
We say that a function µ : N → R is negligible if it goes to 0 faster than any inverse-polynomial
function, i.e. for any polynomial p : N→ R, p(n)µ(n)→n→∞ 0.
2.2 Complexity theory
In this paper we reference the standard complexity classes describing polynomial-time probabilistic
and quantum computation, respectively, denoted BPP and BQP. In addition, we also utilize the
complexity classes for computations that can be performed by polynomial-size circuits having
polylogarithmic depth, NC for classical circuits and QNC for quantum circuits, logarithmic depth
NC1 and QNC1, as well as constant depth, NC0 and QNC0, respectively. For formal definitions
of these classes, as well as others mentioned in this paper, we refer to the Complexity Zoo [zoo].
Here, we provide the definition of QSZK, as it is the focus of our main results:
Definition 1 (Quantum Statistical Zero-Knowledge (QSZK)). A promise problem (Lyes, Lno) be-
longs to QSZK if there exists a uniform family of polynomial-size quantum circuits V = {Vn}n>0,
known as a verifier such that the following conditions are satisfied:
• Completeness. For each x ∈ Lyes, there exists a prover P (x) exchanging polynomially-many
quantum messages with V (x) that makes V (x) accept with probability greater than 2/3,
• Soundness. For each x ∈ Lno, any prover P (x) exchanging polynomially-many quantum
messages with V (x) will make V (x) accept with probability at most 1/3,
• Zero-Knowledge. There exists a uniform family of polynomial-size quantum circuits S =
{Sn}n>0, known as a simulator, as well as a negligible function ε : N → [0, 1] such that
for all x ∈ Lyes, S(x) produces a state that is ε-close in trace distance to the transcript of
V (x)↔ P (x).
As was shown by Ben-Aroya, Schwartz and Ta-Shma [BASTS10], the following problem is
QSZK-complete under polynomial-time reductions:
Definition 2 (Quantum Entropy Difference (QED) [BASTS10]). Let C1 and C2 be quantum
circuits acting on n+k qubits such that depth(C1) is O(log(n+k)) and depth(C2) is O(log(n+k)).
Define the following n-qubit mixed states:
ρ1 = Trk(C1 |00...0〉 〈00...0|C†1) ρ2 = Trk(C2 |00...0〉 〈00...0|C†2) (4)
Given n, k and descriptions of C1 and C2 as input, decide whether:
S(ρ1) ≥ S(ρ2) + 1/poly(n+ k) (5)
or
S(ρ2) ≥ S(ρ1) + 1/poly(n+ k) (6)
promised that one of these is the case.
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Note that the entropy difference can always be made constant by considering parallel6 repeated
version of C1 and C2. Specifically, if the entropy difference for C1 and C2 is D = 1/poly(n+k), then
the difference for C⊗D1 and C
⊗D
2 , acting on (n+ k)D qubits and when tracing out kD qubits, will
be O(1). For this reason, throughout this paper we will consider the entropy difference problem
(and all its variants) with a constant entropy difference.
The classical/probabilistic analogues of the above definitions are represented by the class SZK
and the Entropy Difference (ED) problem. In analogy to QED, ED is defined as the problem of
distinguishing the output entropies of classical circuits having uniformly random inputs. It was
shown in [GV99] that ED is SZK-complete.
2.3 Learning-With-Errors and Extended Trapdoor Claw-Free Functions
In this section we give definitions for the Learning-With-Errors (LWE) problem, introduced by
Regev [Reg09], as well as Extended Trapdoor Claw-Free Functions (ETCF). Most of this section
is taken from [BCM+18]. An informal description of LWE is that it is the problem of solving an
approximate system of linear equations. In other words, given a matrix A ∈ Zn×mq , as well as a
vector y = Ax + e (mod q), with y ∈ Zmq , x ∈ Znq and e ←χm Zm (here χ denotes a probability
distribution that is described below), the problem is to determine x.
More formally, let us start by defining the truncated Gaussian distribution. For a positive real
B and positive integer q, the truncated discrete Gaussian distribution over Zq with parameter B
is supported on {x ∈ Zq : ‖x‖ ≤ B} and has density
DZq ,B(x) =
e
−pi‖x‖2
B2∑
x∈Zq , ‖x‖≤B
e
−pi‖x‖2
B2
. (7)
For a positive integer m, the truncated discrete Gaussian distribution over Zmq with parameter B
is supported on {x ∈ Zmq : ‖x‖ ≤ B
√
m} and has density
∀x = (x1, . . . , xm) ∈ Zmq , DZmq ,B(x) = DZq ,B(x1) · · ·DZq ,B(xm) . (8)
Definition 3 (Learning-With-Errors [BCM+18]). For a security parameter λ, let n,m, q ∈ N be
integer functions of λ. Let χ = χ(λ) be a distribution over Z. The LWEn,m,q,χ problem is to
distinguish between the distributions (A,As+e (mod q)) and (A, u), where A is uniformly random
in Zn×mq , s is a uniformly random row vector in Znq , e is a row vector drawn at random from the
distribution χm, and u is a uniformly random vector in Zmq . Often we consider the hardness of
solving LWE for any function m such that m is at most a polynomial in n log q. This problem is
denoted LWEn,q,χ.
As shown in [Reg09, PRSD17], for any α > 0 such that σ = αq ≥ 2√n the LWEn,q,DZq,σ
problem, where DZq ,σ is the discrete Gaussian distribution, is at least as hard (under a quantum
poly-time reduction) as approximating the shortest independent vector problem (SIVP) to within
a factor of γ = O˜(n/α) in worst case dimension n lattices.
The so-called “LWE assumption” is that no quantum polynomial-time procedure can solve
the LWEn,q,χ problem with more than a negligible advantage in λ, even when given access to a
quantum polynomial-size state depending on the parameters n,m, q and χ of the problem.
For the reduction from LWE to QEDlog we make use of “extended trapdoor claw-free functions
(ETCF),” introduced in [Mah18]. Briefly, an ETCF consists of two families of functions, denoted
F and G. The first family, F , is referred to as a “trapdoor injective family” and consists of a pair
of functions (fk,0, fk,1) that have disjoint ranges. The second, G, is referred to as a “noisy trapdoor
claw-free family (NTCF)”, introduced in [BCM+18], and consists of a pair of functions (gk,0, gk,1)
6Hence the new circuits have the same depths as the original ones.
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that have overlapping ranges7, essentially acting as a one-way 2-to-1 function. While we do not
require all the properties of ETCF functions for our results, we give the full definitions of these
functions for completeness.
The following definitions are taken from [Mah18, Section 4], with similar definitions
in [BCM+18, Section 3]. Note that we have flipped the naming convention of these functions
with respect to how they were originally defined in [Mah18,BCM+18]. In other words, for us the
F family is the injective family and the G family is the NTCF one, whereas in the cited results this
is reversed. This was done in order to be consistent with referenced injective functions denoted f
from other results. We start with the definition of the NTCF family:
Definition 4 (NTCF Family [Mah18,BCM+18]). Let λ be a security parameter. Let X and Y be
finite sets. Let KG be a finite set of keys. A family of functions
G = {gk,b : X → DY}k∈KG ,b∈{0,1}
is called a noisy trapdoor claw-free (NTCF) family if the following conditions hold:
1. Efficient Function Generation. There exists an efficient probabilistic algorithm GENG
which generates a key k ∈ KG together with a trapdoor tk:
(k, tk)← GENG(1λ) .
2. Trapdoor Injective Pair. For all keys k ∈ KG the following conditions hold.
(a) Trapdoor: For all b ∈ {0, 1} and x 6= x′ ∈ X , Supp(gk,b(x)) ∩ Supp(gk,b(x′)) = ∅.
Moreover, there exists an efficient deterministic algorithm INVG such that for all b ∈
{0, 1}, x ∈ X and y ∈ Supp(gk,b(x)), INVG(tk, b, y) = x.
(b) Injective pair: There exists a perfect matching Rk ⊆ X ×X such that gk,0(x0) = gk,1(x1)
if and only if (x0, x1) ∈ Rk.
3. Efficient Range Superposition. For all keys k ∈ KG and b ∈ {0, 1} there exists a function
g′k,b : X 7→ DY such that
(a) For all (x0, x1) ∈ Rk and y ∈ Supp(g′k,b(xb)), INVG(tk, b, y) = xb and INVG(tk, b ⊕
1, y) = xb⊕1.
(b) There exists an efficient deterministic procedure CHKG that, on input k, b ∈ {0, 1},
x ∈ X and y ∈ Y, returns 1 if y ∈ Supp(g′k,b(x)) and 0 otherwise. Note that CHKG is
not provided the trapdoor tk.
(c) For every k and b ∈ {0, 1},
Ex←UX
[
H2(gk,b(x), g
′
k,b(x))
] ≤ µ(λ) ,
for some negligible function µ(·). Here H2 is the Hellinger distance. Moreover, there
exists an efficient procedure SAMPG that on input k and b ∈ {0, 1} prepares the state
1√|X | ∑
x∈X ,y∈Y
√
(g′k,b(x))(y) |x〉 |y〉 . (9)
4. Adaptive Hardcore Bit. For all keys k ∈ KG the following conditions hold, for some
integer w that is a polynomially bounded function of λ.
(a) For all b ∈ {0, 1} and x ∈ X , there exists a set Gk,b,x ⊆ {0, 1}w such that Prd←U{0,1}w [d /∈
Gk,b,x] is negligible, and moreover there exists an efficient algorithm that checks for
membership in Gk,b,x given k, b, x and the trapdoor tk.
7The specific functions we consider will be functions that output probability distributions. The NTCF function
pair will produce distributions with overlapping supports.
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(b) There is an efficiently computable injection J : X → {0, 1}w, such that J can be inverted
efficiently on its range, and such that the following holds. If
Hk =
{
(b, xb, d, d · (J(x0)⊕ J(x1))) | b ∈ {0, 1}, (x0, x1) ∈ Rk, d ∈ Gk,0,x0 ∩Gk,1,x1
}
, 8
Hk = {(b, xb, d, c) | (b, x, d, c⊕ 1) ∈ Hk
}
,
then for any quantum polynomial-time procedure A there exists a negligible function
µ(·) such that∣∣∣ Pr
(k,tk)←GENG(1λ)
[A(k) ∈ Hk]− Pr
(k,tk)←GENG(1λ)
[A(k) ∈ Hk]
∣∣∣ ≤ µ(λ) . (10)
We now define the trapdoor injective family.
Definition 5 (Trapdoor Injective Function Family [Mah18,BCM+18]). Let λ be a security param-
eter. Let X and Y be finite sets. Let KF be a finite set of keys. A family of functions
F = {fk,b : X → DY}b∈{0,1},k∈KF
is called a trapdoor injective family if the following conditions hold:
1. Efficient Function Generation. There exists an efficient probabilistic algorithm GENF
which generates a key k ∈ KF together with a trapdoor tk:
(k, tk)← GENF (1λ) .
2. Disjoint Trapdoor Injective Pair. For all keys k ∈ KF , for all b, b′ ∈ {0, 1} and x, x′ ∈ X ,
if (b, x) 6= (b′, x′), Supp(fk,b(x)) ∩ Supp(fk,b′(x′)) = ∅. Moreover, there exists an efficient
deterministic algorithm INVF such that for all b ∈ {0, 1}, x ∈ X and y ∈ Supp(gk,b(x)),
INVF (tk, y) = (b, x).
3. Efficient Range Superposition. For all keys k ∈ KF and b ∈ {0, 1}
(a) There exists an efficient deterministic procedure CHKF that, on input k, b ∈ {0, 1},
x ∈ X and y ∈ Y, outputs 1 if y ∈ Supp(fk,b(x)) and 0 otherwise. Note that CHKF is
not provided the trapdoor tk.
(b) There exists an efficient procedure SAMPF that on input k and b ∈ {0, 1} returns the
state
1√|X | ∑
x∈X ,y∈Y
√
(fk,b(x))(y) |x〉 |y〉 . (11)
Definition 6 (Injective Invariance [Mah18]). A noisy trapdoor claw-free family G is injective
invariant if there exists a trapdoor injective family F such that:
1. The algorithms CHKF and SAMPF are the same as the algorithms CHKG and SAMPG.
2. For all quantum polynomial-time procedures A, there exists a negligible function µ(·) such
that ∣∣∣ Pr
(k,tk)←GENF (1λ)
[A(k) = 0]− Pr
(k,tk)←GENG(1λ)
[A(k) = 0]
∣∣∣ ≤ µ(λ) (12)
Definition 7 (Extended Trapdoor Claw-Free Family [Mah18]). A noisy trapdoor claw-free family
G is an extended trapdoor claw-free family if:
1. It is injective invariant.
8Note that although both x0 and x1 are referred to to define the set Hk, only one of them, xb, is explicitly specified
in any 4-tuple that lies in Hk.
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2. For all k ∈ KG and d ∈ {0, 1}w, let:
H ′k,d = {d · (J(x0)⊕ J(x1))|(x0, x1) ∈ Rk} (13)
For all quantum polynomial-time procedures A, there exists a negligible function µ(·) and a
string d ∈ {0, 1}w such that∣∣∣ Pr
(k,tk)←GENG(1λ)
[A(k) ∈ H ′k,d]−
1
2
∣∣∣ ≤ µ(λ) (14)
2.4 Randomized encodings
To prove the reduction from LWE to the constant depth version of the entropy difference problem,
we make use of randomized encodings. The following definitions and results are taken from [AIK06]:
Definition 8 (Uniform randomized encoding [AIK06]). Let f : {0, 1}∗ → {0, 1}∗ be a polynomial-
time computable function and l(n) an output length function such that |f(x)| = l(|x|), for every
x ∈ {0, 1}∗. We say that a function fˆ : {0, 1}∗ × {0, 1}∗ → {0, 1}∗ is a δ(n)-correct, ε(n)-private
randomized encoding of f , if it satisfies the following properties:
• Length regularity. There exist polynomially-bounded and efficiently computable length
functions m(n), s(n) such that for every x ∈ {0, 1}n and r ∈ {0, 1}m(n) we have that
|fˆ(x, r)| = s(n).
• Efficient evaluation. There exists a polynomial-time evaluation algorithm that, given x ∈
{0, 1}∗ and r ∈ {0, 1}m(n), outputs fˆ(x, r).
• δ-correctness. There exists a polynomial-time algorithm C, called a decoder, such that for
every input x ∈ {0, 1}n,
Pr
r←U{0,1}m(n)
[C(1n, fˆ(x, r)) 6= f(x)] ≤ δ(n). (15)
• ε-privacy. There exists a probabilistic polynomial-time algorithm S, called a simulator such
that for every x ∈ {0, 1}n and r ←U {0, 1}m(n),
||S(1n, f(x))− fˆ(x, r)||TV ≤ ε(n). (16)
Correctness (and privacy, respectively) can be perfect when δ = 0 (ε = 0, respectively), or
statistical when δ(n) (ε(n), respectively) is a negligible function in n. Thus, a perfect randomized
encoding is one that has perfect correctness and perfect privacy9. Similarly, a statistical randomized
encoding is one that has statistical correctness and statistical privacy.
Lemma 1 (Unique randomness [AIK06]). Suppose fˆ is a perfect randomized encoding of f . Then,
(a) for any input x, fˆ(x, ·) is injective, i.e. there are no distinct r, r′, such that fˆ(x, r) = fˆ(x, r′),
(b) if f is a permutation then so is fˆ .
Theorem 5 ( [AIK06]). Any function f ∈ NC1 admits a perfect randomized encoding in NC04.
Moreover, constructing the randomized encoding of f can be achieved in time polynomial in the
size of the circuit that evaluates f .
Here NC04 denotes the set of uniform constant-depth circuits having output locality 4. In other
words, each output bit depends on at most 4 input bits.
9In fact a perfect randomized encoding needs to satisfy two further properties called balance and stretch-
preservation [AIK06], though we omit them here since they are not important for our results.
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3 Entropy difference for shallow circuits
In this section we examine the hardness of the entropy difference problem for circuits whose depth
scales at most (poly)logarithmically with the size of the input. We start by formally defining the
entropy difference problem, in both the classical and the quantum cases, for circuits with depth
scaling as δ(n), for inputs of size n and where δ : N→ N, is a monotonically increasing function:
Definition 9 (EDδ). Let C1 and C2 be reversible boolean circuits acting on n + k bits such that
depth(C1) ≤ δ(n+ k), depth(C2) ≤ δ(n+ k). Let
D1(y) = Pr
x←U{0,1}n+k
[y = Trk(C1(x))] D2(y) = Pr
x←U{0,1}n+k
[y = Trk(C2(x))] (17)
denote the output distributions of the circuits when restricted to the first n output bits and with the
input chosen uniformly at random.
Given n, k and descriptions of C1 and C2 as input, decide whether:
S(D1) ≥ S(D2) + 1 or S(D2) ≥ S(D1) + 1 (18)
promised that one of these is the case10.
Definition 10 (QEDδ). Let C1 and C2 be quantum circuits acting on n + k qubits such that
depth(C1) ≤ δ(n+ k), depth(C2) ≤ δ(n+ k). Define the following n-qubit mixed states:
ρ1 = Trk(C1 |00...0〉 〈00...0|C†1) ρ2 = Trk(C2 |00...0〉 〈00...0|C†2) (19)
Given n, k and descriptions of C1 and C2 as input, decide whether:
S(ρ1) ≥ S(ρ2) + 1 or S(ρ2) ≥ S(ρ1) + 1 (20)
promised that one of these is the case.
Note that if δ(n) = O(log(n)) we obtain the definitions for EDlog and QEDlog, respectively,
and if δ(n) = O(1), we obtain the definitions for EDO(1) and QEDO(1), respectively
11. In addition,
when δ(n) = poly(n), we recover the original definitions of ED and QED, respectively. As those
problems are complete for SZK and QSZK, we proceed to define the analogous classes SZKδ and
QSZKδ of problems that poly-time reduce to EDδ and QEDδ.
Definition 11 (SZKδ, QSZKδ). We let SZKδ (QSZKδ) consist of all promise problems (Lyes, Lno)
for which there exists a deterministic polynomial-time reduction to EDδ (QEDδ).
Taking δ(n) = polylog(n), we now show that these classes have the following characterisation:
Lemma 2. SZKpolylog (QSZKpolylog) is the set of promise problems that admit a (quantum) sta-
tistical zero-knowledge protocol in which the verifier circuit and the simulator circuit have depth
polylog(n), for inputs of size n.
Proof. To prove this result we need to show that EDpolylog (QEDpolylog) is contained and complete
for the class of problems that admit a (quantum) statistical zero-knowledge protocol in which the
verifier circuit and the simulator circuit have depth polylog(n). This follows immediately from the
proofs that ED (QED) is contained and complete for SZK (QSZK), from [VW16], by replacing all
circuits in those proofs with the corresponding circuits of depth polylog(n).
10As mentioned in Subsection 2.2, the gap in entropy difference can be 1/poly(n+k), but this can always be made
constant by simply taking parallel repeated versions of the circuits and using the fact that entropy is additive. We
restrict to the case where the entropy difference is at least 1, unless otherwise specified.
11We slightly abuse notation here since O(log(n)) and O(1) are sets of functions and so, correspondingly, EDlog
(QEDlog) and EDO(1) (QEDO(1)) will also be sets of problems. However, our results are valid for any instances of
the problems in these classes.
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3.1 Entropy difference is easier for shallow circuits
With the above definitions, let us now address the question of whether EDpolylog (QEDpolylog) is
SZK-complete (QSZK-complete). From the above lemma, we see that this is the same as asking
whether SZKpolylog = SZK (QSZKpolylog = QSZK). In other words, can any SZK (QSZK) protocol
be turned into a protocol having polylog-depth circuits for the simulator and verifier? Providing
an unconditional negative answer seems difficult without proving explicit circuit lower-bounds.
Instead, we will give “complexity-theoretic evidence” that the answer is no. We first show that
there exists an oracle, O, such that, relative to O, SZKpolylog 6= SZK (QSZKpolylog 6= QSZK).
Theorem 6. There exists an oracle O such that SZKOpolylog 6= SZKO and QSZKOpolylog 6= QSZKO.
Proof. The proof will be primarily for the quantum case, since the classical case is analogous,
though we will specify whenever there is a distinction between the two. The oracle in our proof will
be identical to the one of Chia, Chung and Lai [CCL19], showing the separation BPPQNC
O 6= BQPO.
Their oracle provides access to a function f : {0, 1}n → {0, 1}n that is promised to be either 1-to-1
or 2-to-1. However, the oracle does not give direct query access to f . Instead, the oracle allows
for the querying of d + 1 functions f0, f1..., fd : {0, 1}n → {0, 1}n such that f = fd ◦ ... ◦ f0, for
some d > 0. The functions f0, f1, ..., fd−1 are 1-to-1 functions and fd is either a 1-to-1 function or
a 2-to-1 function depending on whether f is 1-to-1 or 2-to-1. This is referred to as a d-shuffling
oracle. Its purpose is to force any algorithm that attempts to query f to first evaluate the d + 1
functions. This is achieved by having the image of each function be a random subset of its co-
domain. In other words, each function will be defined as fi : S
(i)
i → S(i+1)i+1 , with S(i)i ⊆ {0, 1}n.
The input domain, however, will be a set S0 ⊆ {0, 1}n chosen uniformly at random from subsets
of n-bit strings. Thus, the image of f1 on S0 will be ImS0(f1) = f1(S0) = S1 and in general
Si = ImSi−1(fi).
The problem that Chia, Chung and Lai define relative to this oracle is to determine whether
the function f : S0 → Sd+1 is 1-to-1 or 2-to-1. In the latter case, the function also has Simon’s
property so that the problem (called d-shuffling Simon’s problem, or d-SSP) can be solved efficiently
in quantum polynomial time, thus showing containment in BQPO. Using the properties of the d-
shuffling oracle it is possible to show that no quantum circuit of depth smaller than d can solve
the problem, even when alternating these quantum circuits with classical circuits of polynomial
depth. Thus, taking d = O(n) is sufficient to show that the problem is not contained BPPQNC
O
.
For the proof of our result we also consider the d-SSP problem. Since we already know that
the problem is in BQPO this immediately implies that the problem is also in QSZKO. For the
classical case, we would also need to show that the problem is contained in SZKO. This follows
from the fact that ED is in SZK and the problem of determining whether a function is 1-to-1 or
2-to-1 reduces to ED12. We therefore need to show that the problem is not contained in SZKOpolylog
and QSZKOpolylog.
To do this, consider a QSZKpolylog protocol in which the verifier, the prover and the simulator
all have access to the oracle O. In such a protocol, the verifier and the simulator are circuits
of depth O(polylog(n)) that generically consist of alternating sequences of polylog-depth circuits
and calls to the oracle, as shown in Figure 1. For a fixed input state that starts off uncorrelated
with the oracle, let us examine the output state of such a circuit in the cases when the function
is injective and when it is a 2-to-1 function. We will denote the oracle as O(f) in the former case
and as O(g) in the latter13. We also denote the circuit under consideration, when given access to
the oracle, as CO(f) and CO(g), respectively. These can be expressed as follows
CO(f) = UmUO(f)Um−1...UO(f)U1 CO(g) = UmUO(g)Um−1...UO(g)U1 (21)
12This is because f evaluated on a uniformly random n-bit string will have maximum entropy n, when f is 1-to-1
and entropy n− 1 when the function is 2-to-1.
13The interpretation of this notation is that the d-shuffling oracle is providing “shuffled” access to either f or g.
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<latexit sha1_base64="Qw+xFIbEpn4jQVbhj2hQReoKLDM=">AAAB+ HicbVBNS8NAFHypX7V+tOrRy2IRPJVEBD0WvXizgmkLbQib7aZdutmE3Y1QQ36JFw+KePWnePPfuGlz0NaBhWHmPd7sBAlnStv2t1VZW9/Y3Kpu1 3Z29/brjYPDropTSahLYh7LfoAV5UxQVzPNaT+RFEcBp71gelP4vUcqFYvFg54l1IvwWLCQEayN5Dfqrp8NI6wnBPPsLs/9RtNu2XOgVeKUpAklOn 7jaziKSRpRoQnHSg0cO9FehqVmhNO8NkwVTTCZ4jEdGCpwRJWXzYPn6NQoIxTG0jyh0Vz9vZHhSKlZFJjJIqNa9grxP2+Q6vDKy5hIUk0FWRwKU45 0jIoW0IhJSjSfGYKJZCYrIhMsMdGmq5opwVn+8irpnrccu+XcXzTb12UdVTiGEzgDBy6hDbfQARcIpPAMr/BmPVkv1rv1sRitWOXOEfyB9fkDLdu Tag==</latexit><latexit sha1_base64="Qw+xFIbEpn4jQVbhj2hQReoKLDM=">AAAB+ HicbVBNS8NAFHypX7V+tOrRy2IRPJVEBD0WvXizgmkLbQib7aZdutmE3Y1QQ36JFw+KePWnePPfuGlz0NaBhWHmPd7sBAlnStv2t1VZW9/Y3Kpu1 3Z29/brjYPDropTSahLYh7LfoAV5UxQVzPNaT+RFEcBp71gelP4vUcqFYvFg54l1IvwWLCQEayN5Dfqrp8NI6wnBPPsLs/9RtNu2XOgVeKUpAklOn 7jaziKSRpRoQnHSg0cO9FehqVmhNO8NkwVTTCZ4jEdGCpwRJWXzYPn6NQoIxTG0jyh0Vz9vZHhSKlZFJjJIqNa9grxP2+Q6vDKy5hIUk0FWRwKU45 0jIoW0IhJSjSfGYKJZCYrIhMsMdGmq5opwVn+8irpnrccu+XcXzTb12UdVTiGEzgDBy6hDbfQARcIpPAMr/BmPVkv1rv1sRitWOXOEfyB9fkDLdu Tag==</latexit><latexit sha1_base64="Qw+xFIbEpn4jQVbhj2hQReoKLDM=">AAAB+ HicbVBNS8NAFHypX7V+tOrRy2IRPJVEBD0WvXizgmkLbQib7aZdutmE3Y1QQ36JFw+KePWnePPfuGlz0NaBhWHmPd7sBAlnStv2t1VZW9/Y3Kpu1 3Z29/brjYPDropTSahLYh7LfoAV5UxQVzPNaT+RFEcBp71gelP4vUcqFYvFg54l1IvwWLCQEayN5Dfqrp8NI6wnBPPsLs/9RtNu2XOgVeKUpAklOn 7jaziKSRpRoQnHSg0cO9FehqVmhNO8NkwVTTCZ4jEdGCpwRJWXzYPn6NQoIxTG0jyh0Vz9vZHhSKlZFJjJIqNa9grxP2+Q6vDKy5hIUk0FWRwKU45 0jIoW0IhJSjSfGYKJZCYrIhMsMdGmq5opwVn+8irpnrccu+XcXzTb12UdVTiGEzgDBy6hDbfQARcIpPAMr/BmPVkv1rv1sRitWOXOEfyB9fkDLdu Tag==</latexit><latexit sha1_base64="Qw+xFIbEpn4jQVbhj2hQReoKLDM=">AAAB+ HicbVBNS8NAFHypX7V+tOrRy2IRPJVEBD0WvXizgmkLbQib7aZdutmE3Y1QQ36JFw+KePWnePPfuGlz0NaBhWHmPd7sBAlnStv2t1VZW9/Y3Kpu1 3Z29/brjYPDropTSahLYh7LfoAV5UxQVzPNaT+RFEcBp71gelP4vUcqFYvFg54l1IvwWLCQEayN5Dfqrp8NI6wnBPPsLs/9RtNu2XOgVeKUpAklOn 7jaziKSRpRoQnHSg0cO9FehqVmhNO8NkwVTTCZ4jEdGCpwRJWXzYPn6NQoIxTG0jyh0Vz9vZHhSKlZFJjJIqNa9grxP2+Q6vDKy5hIUk0FWRwKU45 0jIoW0IhJSjSfGYKJZCYrIhMsMdGmq5opwVn+8irpnrccu+XcXzTb12UdVTiGEzgDBy6hDbfQARcIpPAMr/BmPVkv1rv1sRitWOXOEfyB9fkDLdu Tag==</latexit>
U1
<latexit sha1_base64="ibchqT+ muEDu9jzAn4onk8qXJGk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lE0GPRi8eKpi20oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MP N6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKR T3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwe97/WrNrb tzkFXiFaQGBZr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy 1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wug 5yodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXSeu i7rl17/6y1rgp4ijDCZzCOXhwBQ24gyb4wGAIz/AKb450Xpx352PRWnK KmWP4A+fzB9ZPjX0=</latexit><latexit sha1_base64="ibchqT+ muEDu9jzAn4onk8qXJGk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lE0GPRi8eKpi20oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MP N6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKR T3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwe97/WrNrb tzkFXiFaQGBZr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy 1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wug 5yodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXSeu i7rl17/6y1rgp4ijDCZzCOXhwBQ24gyb4wGAIz/AKb450Xpx352PRWnK KmWP4A+fzB9ZPjX0=</latexit><latexit sha1_base64="ibchqT+ muEDu9jzAn4onk8qXJGk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lE0GPRi8eKpi20oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MP N6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKR T3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwe97/WrNrb tzkFXiFaQGBZr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy 1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wug 5yodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXSeu i7rl17/6y1rgp4ijDCZzCOXhwBQ24gyb4wGAIz/AKb450Xpx352PRWnK KmWP4A+fzB9ZPjX0=</latexit><latexit sha1_base64="ibchqT+ muEDu9jzAn4onk8qXJGk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lE0GPRi8eKpi20oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MP N6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKR T3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwe97/WrNrb tzkFXiFaQGBZr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy 1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wug 5yodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXSeu i7rl17/6y1rgp4ijDCZzCOXhwBQ24gyb4wGAIz/AKb450Xpx352PRWnK KmWP4A+fzB9ZPjX0=</latexit>
U2
<latexit sha1_base64="gSqB8VU9Ub7t4WA3/j7CxTnu/IY=">AAAB6 nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGiaQttKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3 t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4dua3n7g2IlGPOEl5ENOhEpFgFK304Pfr/UrVrblzkFXiFaQKBZr9yldvkLAs5gqZpM Z0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wug5yodIMuWKLRVEmCSZk9jcZCM0Zyok llGlhbyVsRDVlaNMp2xC85ZdXSate89yad39ZbdwUcZTgFM7gAjy4ggbcQRN8YDCEZ3iFN0c6L86787FoXXOKmRP4A+fzB9fTjX4=</latexit><latexit sha1_base64="gSqB8VU9Ub7t4WA3/j7CxTnu/IY=">AAAB6 nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGiaQttKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3 t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4dua3n7g2IlGPOEl5ENOhEpFgFK304Pfr/UrVrblzkFXiFaQKBZr9yldvkLAs5gqZpM Z0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wug5yodIMuWKLRVEmCSZk9jcZCM0Zyok llGlhbyVsRDVlaNMp2xC85ZdXSate89yad39ZbdwUcZTgFM7gAjy4ggbcQRN8YDCEZ3iFN0c6L86787FoXXOKmRP4A+fzB9fTjX4=</latexit><latexit sha1_base64="gSqB8VU9Ub7t4WA3/j7CxTnu/IY=">AAAB6 nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGiaQttKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3 t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4dua3n7g2IlGPOEl5ENOhEpFgFK304Pfr/UrVrblzkFXiFaQKBZr9yldvkLAs5gqZpM Z0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wug5yodIMuWKLRVEmCSZk9jcZCM0Zyok llGlhbyVsRDVlaNMp2xC85ZdXSate89yad39ZbdwUcZTgFM7gAjy4ggbcQRN8YDCEZ3iFN0c6L86787FoXXOKmRP4A+fzB9fTjX4=</latexit><latexit sha1_base64="gSqB8VU9Ub7t4WA3/j7CxTnu/IY=">AAAB6 nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGiaQttKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3 t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4dua3n7g2IlGPOEl5ENOhEpFgFK304Pfr/UrVrblzkFXiFaQKBZr9yldvkLAs5gqZpM Z0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wug5yodIMuWKLRVEmCSZk9jcZCM0Zyok llGlhbyVsRDVlaNMp2xC85ZdXSate89yad39ZbdwUcZTgFM7gAjy4ggbcQRN8YDCEZ3iFN0c6L86787FoXXOKmRP4A+fzB9fTjX4=</latexit>
U3
<latexit sha1_base64="QIWA6XqBwoKsa0dCxg4uRZ66M8I=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eKxhbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2 dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrp3u+d96o1t+7OQJaJV5AaFGj2ql/dfsKymCtkkh rT8dwUg5xqFEzySaWbGZ5SNqID3rFU0ZibIJ+dOiEnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6CrIhUoz5IrNF0WZJJiQ6d+kLzRnKMe WUKaFvZWwIdWUoU2nYkPwFl9eJo9ndc+te3cXtcZ1EUcZjuAYTsGDS2jALTTBBwYDeIZXeHOk8+K8Ox/z1pJTzBzCHzifP9lXjX8=</latexit><latexit sha1_base64="QIWA6XqBwoKsa0dCxg4uRZ66M8I=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eKxhbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2 dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrp3u+d96o1t+7OQJaJV5AaFGj2ql/dfsKymCtkkh rT8dwUg5xqFEzySaWbGZ5SNqID3rFU0ZibIJ+dOiEnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6CrIhUoz5IrNF0WZJJiQ6d+kLzRnKMe WUKaFvZWwIdWUoU2nYkPwFl9eJo9ndc+te3cXtcZ1EUcZjuAYTsGDS2jALTTBBwYDeIZXeHOk8+K8Ox/z1pJTzBzCHzifP9lXjX8=</latexit><latexit sha1_base64="QIWA6XqBwoKsa0dCxg4uRZ66M8I=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eKxhbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2 dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrp3u+d96o1t+7OQJaJV5AaFGj2ql/dfsKymCtkkh rT8dwUg5xqFEzySaWbGZ5SNqID3rFU0ZibIJ+dOiEnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6CrIhUoz5IrNF0WZJJiQ6d+kLzRnKMe WUKaFvZWwIdWUoU2nYkPwFl9eJo9ndc+te3cXtcZ1EUcZjuAYTsGDS2jALTTBBwYDeIZXeHOk8+K8Ox/z1pJTzBzCHzifP9lXjX8=</latexit><latexit sha1_base64="QIWA6XqBwoKsa0dCxg4uRZ66M8I=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eKxhbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2 dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrp3u+d96o1t+7OQJaJV5AaFGj2ql/dfsKymCtkkh rT8dwUg5xqFEzySaWbGZ5SNqID3rFU0ZibIJ+dOiEnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6CrIhUoz5IrNF0WZJJiQ6d+kLzRnKMe WUKaFvZWwIdWUoU2nYkPwFl9eJo9ndc+te3cXtcZ1EUcZjuAYTsGDS2jALTTBBwYDeIZXeHOk8+K8Ox/z1pJTzBzCHzifP9lXjX8=</latexit>
Figure 1: Circuit with oracle calls. The unitaries Uj are assumed to be polylogarithmic depth
quantum circuits. The unitaries UO represent calls to the oracle O. The circuit has polylogarithmic
depth overall.
with m = polylog(n) and where each Ui is a circuit of depth one. We denote the input state
to the circuit as14 |ψ(0)〉. We will also write |ψf (i)〉 = UO(f)Ui |ψf (i− 1)〉 and |ψg(i)〉 =
UO(g)Ui |ψg(i− 1)〉. Note that
|ψf (m)〉 = CO(f) |ψ(0)〉 |ψg(m)〉 = CO(g) |ψ(0)〉 (22)
Following a similar analysis to that of [CCL19], we have that
TD(|ψf (m)〉 , |ψg(m)〉) ≤ TD(|ψf (m)〉 , UO(f)Um |ψg(m− 1)〉)+
TD(UO(f)Um |ψg(m− 1)〉 , |ψg(m)〉) (23)
which can be extended to
TD(|ψf (m)〉 , |ψg(m)〉) ≤
m∑
i=1
TD(UO(f)Ui |ψg(i− 1)〉 , |ψg(i)〉) (24)
Both of these equations follow from the triangle inequality. We next have that
TD(|ψf (m)〉 , |ψg(m)〉) ≤ mmax
i≤m
TD(UO(f)Ui |ψg(i− 1)〉 , UO(g)Ui |ψg(i− 1)〉) (25)
Finally, as was shown in [CCL19, Theorem 6.1], for i ≤ d,
TD(UO(f)Ui |ψg(i− 1)〉 , UO(g)Ui |ψg(i− 1)〉) ≤
poly(n)
2n
(26)
and since m = polylog(n), d = O(n), for sufficiently large n, m < d, hence
TD(|ψf (m)〉 , |ψg(m)〉) ≤ mpoly(n)
2n
. (27)
If we now consider CO to be the simulator circuit in a QSZKpolylog (SZKpolylog) protocol, we see
that the simulator produces nearly identical transcripts irrespective of whether the oracle function
is 1-to-1 or 2-to-1. This means that, for the “yes” instances (the function being 1-to-1), the
transcript that the verifier circuit acts on, upon its interaction with the prover, is almost completely
uncorrelated with the oracle itself. Stated differently, the transcript is poly(n)/2n-close in trace
distance to a transcript for a “no” instance. Thus, the interaction with the prover can provide the
verifier with at most a poly(n)/2n advantage in deciding the problem correctly. Since the verifier
circuit itself is polylogarithmic in depth, from the above analysis (and the result of [CCL19]),
it follows that if the oracle function type is equiprobable to be 1-to-1 or 2-to-1, the resulting
QSZKpolylog (SZKpolylog) protocol will decide correctly with probability at most 1/2 + poly(n)/2
n.
This concludes the proof.
14The analysis remains unchanged if the input state is a mixed state.
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It should be noted that, following [CCL19], the above result extends to circuits of depth strictly
less than d. The key insight of the proof is the fact that the shuffling oracle requires circuits of
depth at least d in order to obtain an output that is non-negligibly correlated with the oracle type.
Intuitively, if we were to look strictly at instances of EDpolylog and QEDpolylog in which the circuits
under consideration can query the oracle, the number of queries is too small for there to be any
noticeable difference in the output entropies. Thus, relative to the shuffling oracle, EDpolylog and
QEDpolylog are strictly weaker than ED and QED.
Let us now consider a different argument for why it is unlikely that entropy difference with
shallow circuits is as hard as with general poly-size circuits. We will focus specifically on the
quantum case for circuits of logarithmic depth and show the following:
Theorem 7. If there exists a polynomial-time reduction from a QSZK protocol with a log-depth
verifier to a QSZKlog protocol which preserves the transcript of the QSZK protocol, then BQP =
BPPQNC
1
.
Proof. It is straightforward to show that BQP ⊆ QSZK: the quantum verifier ignores the prover
and can decide any language in BQP . However, one can also give a QSZK protocol for any language
in BQP where there is non-trivial interaction between a prover and verifier. Furthermore, we show
that such a protocol only requires the verifier’s circuit to be log depth. To show this, we adapt the
proof by Rosgen that QIP only requires log depth quantum verifiers [Ros08].
Given a polynomial-time quantum circuit on n qubits of the form C = UmUm−1...U1, the
following state |ψU 〉 can be constructed by another BQP circuit,
|ψU 〉 = |0...0〉 ⊗ U1 |0...0〉 ⊗ ...⊗ UmUm−1...U1 |0...0〉 . (28)
Notice the similarity to a Feynman-Kitaev history state except where one takes the tensor product
of unitaries applied to the input, and not the superposition. The state |ψU 〉 stores the final state
of the circuit above in the rightmost n qubits. Therefore, any language in BQP can be decided by
measuring the relevant qubit in these rightmost n qubits in |ψU 〉.
Now we can have a QSZK protocol where an honest prover gives the verifier the state |ψU 〉, and
thus a verifier has the ability to decide any language in BQP when given this state. In the case of a
dishonest prover, we can use the techniques described by Rosgen, to verify that the state given by
the prover is |ψU 〉. For convenience of explanation, we divide the state given by the prover up into
m “registers” of n qubits, where the first register should be in the state |0...0〉, the second register
in the state U1 |0...0〉, and so on. The idea for verifying that the state is |ψU 〉 is to pairwise compare
the jth and (j + 1)th registers with SWAP tests. More precisely the verification circuit will apply
Uj+1 to the jth register and perform a SWAP test on the jth and (j + 1)th registers: if the states
are the same then swapping leaves the states invariant and the circuit accepts, otherwise it rejects.
Therefore, after n SWAP tests of this form, if all tests accept, then with high probability the state
is |ψU 〉. Importantly, all of the SWAP tests to compare registers can be done in log depth [Ros08],
thus the verifier’s circuit is a log depth quantum circuit.
In the above protocol we have outlined how the verifier can verify the state |ψU 〉, but we have
not shown that it satisfies the property of statistical zero-knowledge. Note that the state |ψU 〉
produced by the prover (such that an input is accepted) can be generated by a polynomial time
quantum circuit. Therefore, in the case of a QSZK protocol, the simulator could produce this state
|ψU 〉, and since this state is the whole transcript of the protocol, the protocol has the property of
zero-knowledge.
If we assume that there exists a polynomial-time reduction from a QSZK protocol to a QSZKlog
protocol which preserves the transcript of the QSZK protocol, then the above QSZK protocol for
deciding BQP can be turned into a QSZKlog protocol. Therefore, a simulator S must be able to
produce a state very close to |ψU 〉 with a log-depth quantum circuit, in the case that the input
x is in the language Lyes. Furthermore, since BQP is closed under complement, we can take
the complement of the language above, and have a QSZKlog protocol for this, and thus another
simulator S′ that produces a state close to |ψU 〉 for x ∈ Lno.
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Now we have the situation where if the conditions of the theorem hold, we have two log-depth
quantum circuits corresponding to the simulators S and S′ above that can be used to decide
membership of a language in BQP: if x ∈ Lyes then S will produce the state |ψU 〉, but S′ could
produce anything; if x ∈ Lno then S′ produces the correct state |ψU 〉. To decide which is which, a
verifier can apply the SWAP tests outlined above individually on both of the states generate by S
and S′: at least one of the two states will satisfy the tests and correctly accept or reject. We can
now leverage these observations to prove the theorem.
To collect the observations together, we have pointed out that if the conditions of the theorem
hold, there are log-depth quantum circuits S and S′ that generate states |ψU 〉, which can be used by
a log-depth quantum circuit to decide membership in BQP. Thus we could decide any language in
BQP with a BPPQNC
1
algorithm in the following way: a BPP machine computes the reduction from
a QSZK protocol to a QSZKlog protocol, feeds the circuit descriptions of the log-depth simulators
S and S′ to a QNC1 oracle, which can then produce states of the form |ψU 〉, and carry out the
necessary SWAP tests to verify this state. If the SWAP tests are passed for at least one of the two
states produced by S and S′, then the accept/reject measurement is performed on it (again by the
oracle), and the algorithm accepts if the oracle accepts, or rejects otherwise.
It is worthwhile pointing out that this trick of deciding languages in BQP with a BPPQNC
1
algorithm does not obviously generalise to other complexity classes. First, we would need that there
are quantum statistical zero-knowledge protocols for the class, and use the property of closure under
complementation. Naturally QSZK satisfies both of these properties, but an arbitrary protocol
for languages in QSZK has multiple rounds of communication between prover and verifier. Our
construction uses the fact that a QSZK protocol for any language in BQP has a single round of
communication from prover to verifier, which facilitates verification of a state in log depth. It is
far from obvious how to construct such a verification procedure for an arbitrary language in QSZK.
We can ask about the possibility of a classical analogue of Theorem 7. That is, if there is a
reduction from a SZK protocol to one with a log-depth verifier and simulator, does this imply that
polynomial-time classical computation can be parallelised to log depth? This would then imply
something about the hardness of entropy distinguishability for probability distributions from log-
depth classical circuits. However, it’s not clear how to do this since we cannot use the history
state construction of Rosgen [Ros08] for classical circuits. For one thing, it is not obvious how an
SZK protocol would work with communication only from the prover to the verifier. Indeed, it is a
feature of quantum interactive proof systems that they can be parallelised to a constant number of
rounds of interaction, but this parallelisation is not known to be a feature of classical interactive
proof systems.
3.2 Hardness based on Learning-With-Errors
In the previous subsection we showed that the polylogarithmic-depth version of the entropy differ-
ence problem, in both the classical and quantum case, is unlikely to be as hard as the polynomial-
depth variant. This raises the question of whether the problem becomes tractable for polynomial-
time classical or quantum algorithms. Here we give indication that the answer is no by proving a
reduction from LWE to EDlog. Using techniques from [AIK06], we then strengthen this result by
also showing a reduction from LWE to EDO(1). We begin with the log-depth case:
Theorem 8. LWE ≤P EDlog.
Proof. The proof uses the ETCF functions defined in Subsection 2.3. As mentioned, an ETCF
family consists of an injective function and a 2-to-1 (or claw-free) function and there exists a
reduction from LWE to the problem of distinguishing the two functions given their descriptions15.
By showing that the two functions can be evaluated using circuits of logarithmic depth, we will
extend this reduction to EDlog. While it has already been shown that certain cryptographic
15This is the injective invariance property of Definition 6.
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functions based on LWE can be performed in NC1 [BPR12], our result requires that we show this
for the circuits that we construct from an ETCF function family.
The ETCF functions we consider will be the same as the ones from [Mah18,BCM+18]:
f(b, x) = Ax+ b · u+ e (mod q) g(b, x) = Ax+ b · (As+ e′) + e (mod q) (29)
with q ≥ 2 a prime integer16, b ∈ {0, 1}, x ∈ Znq , s ∈ Znq , A ∈ Zn×mq , u, e′ ∈ Zmq , e←DmZq,B Zm as in
Definition 3. These functions will be ETCF even when A, e′ and u are chosen at random as follows:
A←U Zn×mq , u←U Zmq , e′ ←DmZq,B′ Z
m. The values B′ and B are the ones from [Mah18,BCM+18]
(there denoted as BP and BV ), and determine where the Gaussian distributions are truncated.
Specifically, B′ = q
CT
√
mn log(q)
, where CT is a fixed constant and B is chosen so that B
′/B is
super-polynomial in n. Since it was already shown in [Mah18] that the above functions are ETCF,
we need only show that they can be evaluated by log-depth circuits.
First of all note that the functions from Equation 29 output probability distributions, whereas
the circuits in EDlog need to output fixed outcomes. We will fix this by making the error, e, be part
of the input. We cannot, however, make it directly part of the input since the input to the circuits
in EDlog is distributed uniformly, whereas e must be drawn from a truncated Gaussian distribution,
DmZq ,B. Instead, we will have as part of the input a string eu which we will turn into a Gaussian
sample using a log-depth circuit denoted Gaussify. Implementing this procedure can be achieved
using, for instance, the algorithm of Peikert from [Pei10]. Gaussify satisfies the property that if
eu ←U Zmq then e = Gaussify(eu) is distributed according to the truncated Gaussian distribution
DmZq ,B.
The EDlog circuits we construct will therefore have the form
Cf (b, x, eu) = Ax+ b · u+Gaussify(eu) (mod q) (30)
Cg(b, x, eu) = Ax+ b · (As+ e′) +Gaussify(eu) (mod q) (31)
where A, s, e′ and u are fixed. Essentially, one is given A, u and As+ e′ and one has to construct
the above circuits and ensure that they have logarithmic depth. Note that the input length for each
circuit is (m+ n) log(q) + 1. Following [Mah18,BCM+18] we will assume that m = Ω(n log(q)), so
that what we need to ensure is that the circuit depth is O(log(m log(q))). The LWE assumption
states that it should be computationally intractable to distinguish u from As+ e′, when given A.
However, as we will show, the above circuits will have different entropies in their outputs (when
the inputs are chosen uniformly at random). Intuitively this is because one function is 1-to-1 and
the other is approximately 2-to-1 and so the two cases could be distinguished if we have the ability
to solve EDlog. This is the essence of the reduction.
Let us take stock of all the operations performed by these circuits and why they are all in NC1:
1. Addition and multiplication modulo q can be performed in logarithmic depth with respect to
the input size (which in this case is O(log(q))) [Wal64], so that this operation requires only
depth O(log(log(q))). For vectors in Zmq , component-wise addition can be performed in paral-
lel by increasing the width by a factor of m. Thus, the overall depth remains O(log(log(q))).
2. The dot-product between two vectors in Zmq requires depth O(log(m log(q))). One first
computes the component-wise product of the two vectors. This is the same as component-
wise addition and can be performed in O(log(log(q))) depth. One then adds together all of
the results (modulo q) and this can be performed in O(log(m log(q))) depth with a divide-
and-conquer strategy17.
16It should be noted that q itself is a function of n. In general q is taken to be suprapolynomial in n, though in
recent constructions q can also be polynomial in n while still preserving the hardness of the LWE instance [BLP+13].
17Divide the result vector into two vectors of equal length, recursively compute the sum of their components and
add the results. Adding the results requires constant depth and the depth of the recursion tree is logarithmic in the
length of the vectors.
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3. Matrix-vector multiplication with matrices in Zn×mq and vectors in Znq can be performed in
depth O(log(m log(q))). Start by copying the vector m times (one copy for each row in the
matrix). This can be done in depth O(log(m log(q))) with a divide-and-conquer strategy.
Then perform the inner products between each row of the input matrix and a corresponding
copy of the vector. The inner products can be performed in parallel and each requires
O(log(m log(q))) depth. Thus, the resulting circuit will have O(log(m log(q))) depth.
4. Gaussify can be performed in depth O(log(m log(q))) as shown in [Pei10]. The procedure
from [Pei10] requires a pre-processing step of O(m3 log2(q)) operations. This will be done as
part of the polynomial-time reduction that generates the EDlog instance so that the circuits
Cf and Cg already contain the results of this pre-processing step. The actual sampling
procedure requires O(m2) multiplications and additions modulo q which can be performed
in parallel requiring depth O(log(log(q))). Collecting the results will then require depth at
most O(log(m log(q))).
This shows that Cf , Cg ∈ NC1. We now estimate the entropies S(Cf ) and S(Cg) when the
inputs of the circuits are chosen uniformly at random. We will consider A to be a matrix of full
rank18, n. Given that x ←U Znq and since A is full rank, we have that Ax ←U Im(A), where
Im(A) denotes the image of A. Note that |Im(A)| = qn. For Cf , we can choose u such that the
distributions Ax+u and Ax have no overlap19. Thus, Ax+b ·u will be uniform over {0, 1}×Im(A)
and have n · log(q)+1 bits of entropy. Lastly, we need to account for the Gaussian error. Since this
term appears in both Cf and Cg, we will simply denote its contribution as SGaussian. We therefore
have that S(Cf ) = n · log(q) + 1 + SGaussian.
For the case of Cg the difference will be due to the term b · (As + e′). Note that this leads to
overlap among different inputs. Specifically Cg(0, x, eu) = Cg(1, x − s, e′u), where e′u is such that
Gaussify(e′u) = Gaussify(eu) − e′. This condition on e′u is true on all but a negligible fraction
of error vectors (as a result of taking B′/B to be super-polynomial in n) [Mah18,BCM+18]. The
circuit Cg will therefore behave like a 2-to-1 function on all but a negligible fraction of the input
domain. We therefore have that S(Cg) = n · log(q) + SGaussian + µ(n), where µ(n) is a negligible
function. For sufficiently large n, the µ(n) term will be less than 1 and we therefore have that the
entropy difference between Cf and Cg is at least a positive constant, as desired
20.
To complete the proof, note that the reduction we have just described constructs circuits with
different entropies starting from an ETCF family (and specifically starting from an LWE instance
(A,As + e′) and a uniformly random vector u). However, being able to distinguish between the
output entropies of the circuits allows us to determine which of the two functions is 1-to-1 and
which is 2-to-1. By the injective invariance property of ETCF functions (Definition 6), this is as
hard as LWE, concluding the proof.
It is worth mentioning that in the above proof we essentially picked “worst-case” instances of
A, s, e′ and u. However, all of the above arguments hold with high probability when A←U Zn×mq ,
s, u←U Znq and e′ ←DmZq,B′ Z
m
q [Mah18,BCM
+18]. This means that
Corollary 1. EDlog is hard-on-average, based on LWE when the input circuits have the structure
given in Equations 30, 31 and are chosen at random according to A ←U Zn×mq , s, u ←U Znq and
e′ ←DmZq,B′ Z
m
q .
18For LWE, the matrix A is chosen uniformly at random from Zn×mq and so will be full rank, with high probability.
19Similar to the choice of A, this will be true for most choices of u.
20The entropy difference can be made larger by simply repeating the circuits in parallel. However, an alternate
approach presented by the use of ETCF functions is to instead consider the circuits:
Cf (b1, b2, x, eu) = Ax+ b1 · u1 + b2 · u2 +Gaussify(eu) (mod q) (32)
Cg(b1, b2, x, eu) = Ax+ b1 · (As1 + e′1) + b2 · (As2 + e′2) +Gaussify(eu) (mod q) (33)
Here f is still a 1-to-1 function, however g is 4-to-1 so that the entropy difference for these circuits will be 2−negl(n).
This construction can be generalised so that, for any constant k, the function g can be made into a 2k-to-1 function.
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In the previous proof we saw that the ETCF functions based on LWE can be evaluated by
circuits of logarithmic depth. It seems unlikely, however, that the same functions could be evaluated
by circuits of constant depth. To get around this issue, we make use of the compiling techniques
from [AIK06] that can take a one-way function with log-depth circuit complexity and map it
to a corresponding one-way function having constant-depth circuit complexity. This is achieved
through the use of a randomized polynomial encoding, in which the value of a function is encoded
in a series of points that can be computed using a constant-depth circuit. Formally, we have that,
Theorem 9. LWE ≤P EDO(1).
Proof. As shown in Theorem 8, the circuits Cf and Cg constructed from the ETCF functions, can
be evaluated in log depth. Using Theorem 5, from [AIK06], this means that there exist randomized
encodings Cˆf and Cˆg for the two circuits, that can be computed in NC
0
4. To prove our reduction
we need to show two things: that the randomized encodings of Cf and Cg preserve the injective
invariance property (i.e. distinguishing between the randomized encodings is as hard as LWE);
that the randomized encodings are 1-to-1 and 2-to-1 functions, respectively. This last condition is
required so that when we evaluate Cˆf and Cˆg with uniform inputs, it is still the case that Cˆf has
more entropy in its output than Cˆg.
Showing that injective invariance is satisfied is immediate. Suppose, for the sake of contradic-
tion, that there exists an algorithm that has non-negligible advantage in distinguishing Cˆf and
Cˆg. It is easy to see that this leads to an efficient algorithm for distinguishing Cf and Cg with
non-negligible advantage. Given instances of Cf and Cg we can construct the randomized encod-
ings Cˆf and Cˆg. This can be done in polynomial time, according to Theorem 5. We then use our
distinguisher on the randomized encodings and this then allows us to distinguish between Cf and
Cg which contradicts the injective invariance property.
We now show that the randomized encodings are 1-to-1 and 2-to-1, respectively. Recall first
that the randomized encodings take two arguments, x and r. First, from Lemma 1 we know
that for any fixed input x, the encodings are injective in the second argument. In addition, the
perfect correctness property (from Definition 8) guarantees that there are simulators Sf and Sg
such that Sf (Cˆf (x, r)) = Cf (x) and Sg(Cˆg(x, r)) = Cg(x), for all x and r. This ensures that if
Cf is injective then Cˆf will also be injective. It also ensures that whenever there exists a collision
in Cg, i.e. x1, x2 such that Cg(x1) = Cg(x2), there will be a corresponding collision for Cˆg, i.e.
Cˆg(x1, r1) = Cˆg(x2, r2), for all r1 and r2. It follows that the randomized encodings Cˆf and Cˆg will
have the same entropy difference as Cf and Cg, concluding the proof.
Just as with the log-depth case, we also have:
Corollary 2. EDO(1) is hard-on-average, based on LWE when the input circuits have the structure
given in Equations 30, 31 and are chosen at random according to A ←U Zn×mq , s, u ←U Znq and
e′ ←DmZq,B′ Z
m
q .
Proof. The argument is the same as for the log-depth case: for most choices of the circuit param-
eters (i.e. the matrix A, the vectors s and u and the error vector e′), we obtain instances of the
circuits that satisfy the injective invariance property. As the above proof shows, this remains true
for the randomized encodings of these functions as well.
In the above proofs, we didn’t explicitly make use of the fact that the circuits are reversible,
though the same results hold in those cases as well (provided we trace out the ancilla required to
performed the reversible gates). Since classical reversible circuits are a particular kind of quantum
circuits, these results have the corollary that:
Corollary 3. LWE ≤P QEDO(1).
Proof. Follows from Theorem 9 together with the fact that EDO(1) ≤P QEDO(1).
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4 Hamiltonian quantum entropy difference
In this section we consider a Hamiltonian analogue of QED which we call Hamiltonian Quantum
Entropy Difference (HQED). The problem will be to estimate the entanglement entropy difference
between the ground states of two local Hamiltonians. Equivalently, if we trace out parts of the
ground states and examine the resulting reduced states, we want to know which of the two has
higher Von Neumann entropy. Formally:
Definition 12 (HQED). Let H1 and H2 be local Hamiltonians acting on n + k qubits, whose
ground states are |ψ1〉 and |ψ2〉. Define the following n-qubit mixed states:
ρ1 = Trk(|ψ1〉 〈ψ1|) ρ2 = Trk(|ψ2〉 〈ψ2|) (34)
Given n, k and descriptions of H1 and H2 as input, decide whether:
S(ρ1) ≥ S(ρ2) + 1 (35)
or
S(ρ2) ≥ S(ρ1) + 1 (36)
promised that one of these is the case. For the cases where either of the two Hamiltonians has a
degenerate groundspace, |ψj〉 will denote a state in the groundspace for which S(ρj) is minimal.
We will refer to HQEDlogand HQEDO(1), respectively, as instances of HQED in which the
input Hamiltonians have the additional promise that purifications of the states ρ1 and ρ2 can be
approximated (to within a 1/poly(n + k) additive error in trace distance) by quantum circuits of
logarithmic and constant depth, respectively.
Theorem 10. There exists a deterministic poly-time reduction from QED to HQED (QED ≤P
HQED).
Proof. We could start the reduction by constructing Hamiltonians H1 and H2 such that the re-
spective ground states |ψ1〉 and |ψ2〉 are Feynman-Kitaev history states for quantum circuits C1
and C2 respectively,
|ψj〉 = 1√
T + 1
T∑
t=0
UtUt−1...U1 |00...0〉 |t〉 (37)
where Cj = UTUT−1...U1, j ∈ {1, 2} and the states |t〉 are the clock states in the Feyman-Kitaev
history state construction. However, a priori this does not guarantee that determining the entropy
difference between the reduced states of |ψ1〉 and |ψ2〉 implies determining the entropy difference
between the reduced states created by C1 and C2 respectively. This is because the output state of Cj
constitutes only one term in the history state superposition. Furthermore, we have no information
about the entropy difference between the other terms in |ψ1〉 relative to their counterparts in |ψ2〉.
To resolve this, we will use a trick from [NVY18], where a circuit can be padded at the end with
identities to give more weight to the “final term” in the Feynman-Kitaev history state. We will
now explain this construction.
Given the input circuit Cj to the problem QED, first apply N identity operators at the end of
the circuit to each qubit, as depicted in Figure 2; we will call this the padded circuit. Clearly this
does not affect the final state, but it will be useful in the reduction to HQED. We now construct
the Feynman-Kitaev history state from the padded circuit, which is
|ψj〉 = 1√
T +N + 1
T+N∑
t=0
UtUt−1...U1 |00...0〉 |t〉 (38)
Note that all unitaries Ui for T + 1 ≤ i ≤ T +N , Ui = I⊗(n+k), thus we can simplify the state |ψj〉
to be
|ψj〉 = 1√
T +N + 1
(
(N + 1)UTUT−1...U1 |00...0〉
T+N∑
t′=T
|t′〉+
T−1∑
t=0
UtUt−1...U1 |00...0〉 |t〉
)
. (39)
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Figure 2: Circuit Cj padded with identities.
By the Feynman-Kitaev construction there is a local Hamiltonian, having poly(n + k) terms, for
which this is a ground state. This Hamiltonian will act on n+ k +N + T qubits due to the clock
states |t〉, which are encoded in unary. Let us now examine the reduced states obtained by tracing
out the clock register, which we denote as σj . In addition, to simplify the notation, we also denote
|φj(t)〉 = UtUt−1...U1 |00...0〉 (with |φj(0)〉 = |00...0〉), so that the padded history state can be
written as
|ψj〉 = 1√
T +N + 1
(
(N + 1) |φj(T )〉
T+N∑
t′=T
|t′〉+
T−1∑
t=0
|φj(t)〉 |t〉
)
. (40)
Note that |φj(T )〉 is the output state of the circuit Cj . If we now trace out the clock register, we
have
σj = Trt(|ψj〉 〈ψj |) = N + 1
T +N + 1
|φj(T )〉 〈φj(T )|+ 1
T +N + 1
T−1∑
t=0
|φj(t)〉 〈φj(t)| (41)
Computing the fidelity between ρj and |φj(T )〉 we get
F (σj , |φj(T )〉 〈φj(T )|) = 〈φj(T )|σj |φj(T )〉 = N + 1
T +N + 1
+
1
T +N + 1
T−1∑
t=0
| 〈φj(t)|φj(T )〉 |2 (42)
hence
F (σj , |φj(T )〉 〈φj(T )|) ≥ N + 1
T +N + 1
= 1− T
T +N + 1
. (43)
By taking N = poly(T ), and given that T = poly(n+ k), we get that
F (σj , |φj(T )〉 〈φj(T )|) ≥ 1− 1
poly(n+ k)
. (44)
From the relationship between fidelity and trace distance this also means that
TD(σj , |φj(T )〉 〈φj(T )|) ≤ 1
poly(n+ k)
. (45)
If we now trace out the k qubits from both of these states and use the fact that this is a trace
non-increasing operation, we get
TD(ρ′j , ρj) ≤
1
poly(n+ k)
, (46)
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where ρj is the output state of C1 when tracing out the subsystem of k qubits and ρ
′
j is the analogous
state for the Hamiltonian Hj . Next, we apply the Fannes-Audanaert inequality [Fan73, Aud07]
relating trace distance and entropy, which says that if
TD(ρ′j , ρj) ≤  (47)
then
|S(ρ′j)− S(ρj)| ≤

2
(n− 1) + h
( 
2
)
, (48)
where h is the binary entropy function. Given that  = 1/poly(n+ k), it follows that
|S(ρ′j)− S(ρj)| ≤
1
poly(n+ k)
. (49)
By the triangle inequality we get that if S(ρ1) ≥ S(ρ2) + O(1), then S(ρ′1) ≥ S(ρ′2) + O(1) and if
S(ρ2) ≥ S(ρ1) +O(1), then S(ρ′2) ≥ S(ρ′1) +O(1).
Thus, from the instance of QED (n+ k, k, C1, C2) we have constructed an instance of HQED
(n+k+N +T, k+N +T,H1, H2) that preserves the entropy difference of the original circuits (up
to a 1/poly(n+ k) error). This concludes the proof.
Corollary 4. QEDlog ≤P HQEDlog, QEDO(1) ≤P HQEDO(1).
Proof. In the proof of Theorem 10, we constructed Hamiltonians H1 and H2 for which the reduced
ground states, ρ′1 and ρ′2, are close in trace distance to the output states of the QED circuits C1
and C2. Furthermore, the padded construction used in the previous theorem does not alter the
depth of the original circuits, since we are padding with identity gates. Thus, the depth of the
circuits required to approximate ρ′1 and ρ′2 (to within additive error 1/poly(n+k) in trace distance)
is upper bounded by the depth of C1 and C2 (as ρ1 and ρ2 are approximations of these states). For
the cases in which these circuits are log-depth or constant-depth, respectively, we obtain instances
of HQEDlog and HQEDO(1), respectively.
For the constant depth case, in Appendix B, we give a different construction for a local Hamil-
tonian for which the ground state is exactly the output of a quantum circuit from QEDO(1).
4.1 Applications to holography
Holographic duality is an idea inspired from early results of Bekenstein and Hawking showing that
the entropy of a black hole is proportional to its area [Bek73, Haw71]. This connection between
a quantum mechanical property, the Von Neumann entropy of a quantum state, and geometry,
in the form of the black hole area, was later expanded upon through the AdS/CFT correspon-
dence [Mal99]. Briefly, the AdS/CFT correspondence is a duality between a non-gravitational
quantum field theory (the conformal field theory, or CFT) and a quantum gravitational theory
that takes place in an Anti-de Sitter (AdS) space-time. The CFT is defined on the boundary of
the AdS space. The purpose of the correspondence is to be able to relate physical observables in
the bulk to observables on the boundary and vice versa through the so-called AdS dictionary (or
bulk-to-boundary and boundary-to-bulk maps). This would allow for the derivation of predictions
in the quantum gravitational bulk theory purely from a non-gravitational boundary theory.
Similar to the Bekenstein-Hawking result, Ryu and Takayanagi showed a correspondence be-
tween geometry and entanglement in AdS/CFT [RT06]. This is known as the Ryu-Takayanagi
formula and it states that, to leading order, the entropy of a state on the boundary CFT is given
by the area of a minimal bulk surface that encloses that state.
Since entropy is an important quantity of interest in AdS/CFT, we discuss potential impli-
cations of our result for this duality21 In particular we propose a gedankenexperiment based on
21We note that QSZK has appeared before in holography in the context of the Harlow-Hayden decoding task [HH13].
Briefly, Harlow and Hayden considered the task of decoding information from the Hawking radiation of a black hole
and showed that one could encode a QSZK-complete problem in this task. The result was later improved by
Aaronson who showed that decoding the information from the radiation would allow one to invert general one-way
functions [Aar16].
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our results that gives evidence for certain instances of AdS/CFT having the AdS dictionary be
computationally intractable to compute, unless LWE is tractable. A similar result was obtained
by Bouland et al [BFV19], in the context of the wormhole growth paradox. Their result also uses
cryptographic techniques in the form of pseudorandom quantum states. In contrast to our setting,
they only require that such states exist and are computationally indistinguishable, whereas we are
using the more fine-grained LWE assumption.
Roughly speaking, the main idea here is that the Ryu-Takayanagi formula relates a quantity
that we have shown is hard to compute even for shallow circuits (the entropy), to a quantity that
seemingly can be efficiently computed, the area of a surface. Thus assuming that LWE is hard for
polynomial time quantum computers, we arrive at a contradiction. A potential resolution is that
the AdS dictionary does not efficiently translate from the bulk to the boundary.
In the following thought experiment, we will assume that CFT states can be prepared efficiently
starting from descriptions of functions f and g, such as the ETCF functions used in Theorem 8,
that are 1-to-1 and 2-to-1, respectively. Furthermore, it should be the case that there is a constant
difference in entanglement entropy for the two types of states22. To give arguments for why we
think this is true, first note that, as stated in Theorem 4, we can construct local Hamiltonians for
which the ground states will indeed encode instances of such functions. These ground states will
have different entanglement entropy depending on which function was used.
A second argument is based on the observation that certain quantum error-correcting codes
serve as toy models for the AdS/CFT correspondence [PYHP15]. Specifically, as discussed
in [Har17], codes that protect against erasure errors constitute such toy models. They satisfy
the property that encoded information can be recovered by acting on only a fraction of the qubits
in the encoded state. As an example of this (taken from [Har17]), if we let |ψ˜〉123 be an encoding
of |ψ〉 on three subsystems, it should be that there exists a unitary U12 such that
|ψ˜〉 = U12[|ψ〉1 ⊗ |χ〉23] (50)
as well as corresponding unitaries U13 and U23 that act in a similar way. Here |χ〉 is the maximally
entangled state |χ〉 = ∑i |i〉 |i〉. As a toy model for AdS/CFT, the state |ψ〉 represents the quantum
state of a bulk observer and |ψ˜〉 will be the corresponding CFT state that lives on the boundary
of the AdS space. The indices label three different subsystems on the boundary and Equation 50
simply states that the bulk information (the state |ψ〉) can be recovered by acting on only part
of the boundary. As shown in [Har17], these states satisfy a Ryu-Takayanagi formula (in addition
to other properties that are satisfied by AdS/CFT). Specifically, the entanglement entropy of |χ〉
corresponds to the area of a bulk surface. One could imagine considering the states
|χf 〉 =
∑
x
|x〉 |f(x)〉 |χg〉 =
∑
x
|x〉 |g(x)〉 (51)
instead of |χ〉, where f and g are 1-to-1 and 2-to-1, respectively. In this case the difference in
entanglement entropy will be determined by whether the function that was used was 1-to-1 or
2-to-1. States such as the ones from Equation 51, or even analogous weighted superpositions of
such states are efficiently preparable (according to the efficient range superposition properties from
Definitions 4 and 5).
Finally, note that since f and g themselves can be implemented by circuits of constant depth, as
shown in Theorem 9, the quantum states derived from these functions (such as |χf 〉 or |χg〉) could
also be prepared by short depth quantum circuits. This would be consistent with a conjecture by
Swingle that the underlying CFT states that lead to the Ryu-Takayanagi formula are well approx-
imated by states resulting from MERA (multi-scale entanglement renormalization ansatz ) tensor
networks [Swi12]. Such MERA states essentially have log-depth quantum circuit descriptions. Let
us now describe our thought experiment.
22As alluded to in the proof of Theorem 8, we can in fact make the entropy difference be any constant, k, by taking
g to be a 2k-to-1 function (and changing f appropriately, though keeping it a 1-to-1 function).
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Suppose Alice has a quantum computer and is given the description of a function, denoted h,
which is promised to be either f (that is a 1-to-1) or g (that is a 2-to-1) from Equation 29. Alice
is then asked whether the function she received is 1-to-1 or 2-to-1. By the injective invariance
property (Definition 5) this is as hard to determine as solving LWE. Suppose now that Alice uses
her quantum computer to do the following:
1. She first prepares a state |ψhCFT 〉 that is supposed to represent a CFT state whose entan-
glement entropy is determined by the type of function of h. In other words, if h is f , we
will say that the state has high entanglement entropy and if h is g we will say it has low
entanglement entropy. As discussed above, we conjecture that there should exist an efficient
procedure for preparing such a state, given the function description.
2. By the AdS/CFT correspondence, |ψhCFT 〉 should be dual to a state |ψhbulk〉 in the bulk. In
this bulk space-time, under the Ryu-Takayanagi formula the area of a certain surface γh
will be equal23 to the entanglement entropy of |ψhCFT 〉. Using the AdS dictionary, Alice
then considers a bulk Hamiltonian Hbulk such that the time evolution of |ψhbulk〉 under Hbulk
corresponds to an observer in the bulk measuring the area of γh. If this fictional bulk observer
notices that the area of γh is above a certain threshold (corresponding to the case of high
entropy), it will “reset itself” so that at the end of the evolution it returns to the state |ψhbulk〉
(and so the corresponding CFT state returns to |ψhCFT 〉). If, on the other hand the area is
below the threshold (corresponding to low entropy) it should then map itself into a state for
which the dual CFT state is “as close to orthogonal to |ψhCFT 〉 as possible”. In other words,
we would like this state to be distinguishable from |ψhCFT 〉. A schematic illustration of the
fictional bulk observer’s two perspectives is shown in Figure 3. The time required for the
observer to perform the measurement should be proportional to the area24 of γh.
3. Using the AdS dictionary, Alice computes the boundary CFT Hamiltonian HCFT that is
dual to Hbulk. She then time-evolves her state |ψhCFT 〉 with HCFT . Under the AdS/CFT
correspondence the evolution of her state will be dual to the time-evolution of the bulk
observer that is performing the measurement of γh. Alice is, in effect, simulating this process
on her quantum computer.
4. At the end of the evolution, Alice performs SWAP tests to check whether the state she is
left with is |ψhCFT 〉. If this is the case, she concludes that the original function was 1-to-1,
otherwise she concludes that it is 2-to-1.
If all the steps in the above procedure can be performed efficiently, then this experiment would
violate the injective invariance property of ETCF functions, since it can efficiently distinguish
between the two function types. Correspondingly, we would have an efficient quantum algorithm
for solving LWE. Since we believe that this is unlikely, we would need to determine which of the
above steps is intractable. As mentioned, we conjecture that preparing the CFT states should
be efficient. The time-evolution under a Hamiltonian, that Alice has to perform, should also be
efficient using standard techniques from quantum simulation [BMK10, BCK15]. One step that
seems potentially problematic is step 3. Here the bulk observer needs to affect his space-time so
as to map Alice’s state to one of two efficiently distinguishable states. It certainly seems plausible
that the bulk observer can do very different things depending on the area he measures, resulting
in completely different bulk states. But it is unclear whether the resulting dual CFT states would
then be distinguishable by Alice. The other possible source of intractability is the use of the AdS
dictionary. If the dictionary is exponentially complex, Alice cannot determine the state that is
dual to her CFT state or what her boundary Hamiltonian should be.
An important observation to make here is that the entropy difference between the two cases
is constant and one could argue that we should not expect bulk observers to be able to efficiently
23Or be approximately equal.
24Note that since we don’t know the entanglement entropy of |ψhCFT 〉 in advance, we can take the time we evolve
by Hbulk to be the longest of the two choices, corresponding to the case of maximum entropy.
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<latexit sha1_base64="ZDVJ+o0ynZYAZfe4ydsq9QLccy c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUCbbTbp0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/N MDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwWPWMtwI1k0VQxkI1gnGtzO/88SU5kn8YCYp8yVGMQ8 5RWOlbj9CKXEQDao1t+7OQVaJV5AaFGgOql/9YUIzyWJDBWrd89zU+Dkqw6lg00o/0yxFOsaI9SyNUTLt5/N7p+TMKkMSJsp WbMhc/T2Ro9R6IgPbKdGM9LI3E//zepkJr/2cx2lmWEwXi8JMEJOQ2fNkyBWjRkwsQaq4vZXQESqkxkZUsSF4yy+vkvZF3X Pr3v1lrXFTxFGGEziFc/DgChpwB01oAQUBz/AKb86j8+K8Ox+L1pJTzBzDHzifPwIcj+8=</latexit><latexit sha1_base64="ZDVJ+o0ynZYAZfe4ydsq9QLccy c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUCbbTbp0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/N MDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwWPWMtwI1k0VQxkI1gnGtzO/88SU5kn8YCYp8yVGMQ8 5RWOlbj9CKXEQDao1t+7OQVaJV5AaFGgOql/9YUIzyWJDBWrd89zU+Dkqw6lg00o/0yxFOsaI9SyNUTLt5/N7p+TMKkMSJsp WbMhc/T2Ro9R6IgPbKdGM9LI3E//zepkJr/2cx2lmWEwXi8JMEJOQ2fNkyBWjRkwsQaq4vZXQESqkxkZUsSF4yy+vkvZF3X Pr3v1lrXFTxFGGEziFc/DgChpwB01oAQUBz/AKb86j8+K8Ox+L1pJTzBzDHzifPwIcj+8=</latexit><latexit sha1_base64="ZDVJ+o0ynZYAZfe4ydsq9QLccy c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUCbbTbp0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/N MDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwWPWMtwI1k0VQxkI1gnGtzO/88SU5kn8YCYp8yVGMQ8 5RWOlbj9CKXEQDao1t+7OQVaJV5AaFGgOql/9YUIzyWJDBWrd89zU+Dkqw6lg00o/0yxFOsaI9SyNUTLt5/N7p+TMKkMSJsp WbMhc/T2Ro9R6IgPbKdGM9LI3E//zepkJr/2cx2lmWEwXi8JMEJOQ2fNkyBWjRkwsQaq4vZXQESqkxkZUsSF4yy+vkvZF3X Pr3v1lrXFTxFGGEziFc/DgChpwB01oAQUBz/AKb86j8+K8Ox+L1pJTzBzDHzifPwIcj+8=</latexit><latexit sha1_base64="ZDVJ+o0ynZYAZfe4ydsq9QLccy c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUCbbTbp0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/N MDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwWPWMtwI1k0VQxkI1gnGtzO/88SU5kn8YCYp8yVGMQ8 5RWOlbj9CKXEQDao1t+7OQVaJV5AaFGgOql/9YUIzyWJDBWrd89zU+Dkqw6lg00o/0yxFOsaI9SyNUTLt5/N7p+TMKkMSJsp WbMhc/T2Ro9R6IgPbKdGM9LI3E//zepkJr/2cx2lmWEwXi8JMEJOQ2fNkyBWjRkwsQaq4vZXQESqkxkZUsSF4yy+vkvZF3X Pr3v1lrXFTxFGGEziFc/DgChpwB01oAQUBz/AKb86j8+K8Ox+L1pJTzBzDHzifPwIcj+8=</latexit>
| fbulki
<latexit sha1_base64="lH 2OnMJXUQyEUAeujklt8j7x5N4=">AAACAHicbVBNS8NAEJ34 WetX1IMHL4tF8FQSEfQkBS8eK9gPaGLYbDft0s0m7G6EEnPx r3jxoIhXf4Y3/43bNgdtfTDweG+GmXlhypnSjvNtLS2vrK6t Vzaqm1vbO7v23n5bJZkktEUSnshuiBXlTNCWZprTbiopjkN OO+HoeuJ3HqhULBF3epxSP8YDwSJGsDZSYB8+Ii9VLMjDjI+ K+wh5EosBp4Fdc+rOFGiRuCWpQYlmYH95/YRkMRWacKxUz3V S7edYakY4LapepmiKyQgPaM9QgWOq/Hz6QIFOjNJHUSJNCY2 m6u+JHMdKjePQdMZYD9W8NxH/83qZji79nIk001SQ2aIo40g naJIG6jNJieZjQzCRzNyKyBBLTLTJrGpCcOdfXiTts7rr1N 3b81rjqoyjAkdwDKfgwgU04Aaa0AICBTzDK7xZT9aL9W59zF qXrHLmAP7A+vwB39uWjw==</latexit><latexit sha1_base64="lH 2OnMJXUQyEUAeujklt8j7x5N4=">AAACAHicbVBNS8NAEJ34 WetX1IMHL4tF8FQSEfQkBS8eK9gPaGLYbDft0s0m7G6EEnPx r3jxoIhXf4Y3/43bNgdtfTDweG+GmXlhypnSjvNtLS2vrK6t Vzaqm1vbO7v23n5bJZkktEUSnshuiBXlTNCWZprTbiopjkN OO+HoeuJ3HqhULBF3epxSP8YDwSJGsDZSYB8+Ii9VLMjDjI+ K+wh5EosBp4Fdc+rOFGiRuCWpQYlmYH95/YRkMRWacKxUz3V S7edYakY4LapepmiKyQgPaM9QgWOq/Hz6QIFOjNJHUSJNCY2 m6u+JHMdKjePQdMZYD9W8NxH/83qZji79nIk001SQ2aIo40g naJIG6jNJieZjQzCRzNyKyBBLTLTJrGpCcOdfXiTts7rr1N 3b81rjqoyjAkdwDKfgwgU04Aaa0AICBTzDK7xZT9aL9W59zF qXrHLmAP7A+vwB39uWjw==</latexit><latexit sha1_base64="lH 2OnMJXUQyEUAeujklt8j7x5N4=">AAACAHicbVBNS8NAEJ34 WetX1IMHL4tF8FQSEfQkBS8eK9gPaGLYbDft0s0m7G6EEnPx r3jxoIhXf4Y3/43bNgdtfTDweG+GmXlhypnSjvNtLS2vrK6t Vzaqm1vbO7v23n5bJZkktEUSnshuiBXlTNCWZprTbiopjkN OO+HoeuJ3HqhULBF3epxSP8YDwSJGsDZSYB8+Ii9VLMjDjI+ K+wh5EosBp4Fdc+rOFGiRuCWpQYlmYH95/YRkMRWacKxUz3V S7edYakY4LapepmiKyQgPaM9QgWOq/Hz6QIFOjNJHUSJNCY2 m6u+JHMdKjePQdMZYD9W8NxH/83qZji79nIk001SQ2aIo40g naJIG6jNJieZjQzCRzNyKyBBLTLTJrGpCcOdfXiTts7rr1N 3b81rjqoyjAkdwDKfgwgU04Aaa0AICBTzDK7xZT9aL9W59zF qXrHLmAP7A+vwB39uWjw==</latexit><latexit sha1_base64="lH 2OnMJXUQyEUAeujklt8j7x5N4=">AAACAHicbVBNS8NAEJ34 WetX1IMHL4tF8FQSEfQkBS8eK9gPaGLYbDft0s0m7G6EEnPx r3jxoIhXf4Y3/43bNgdtfTDweG+GmXlhypnSjvNtLS2vrK6t Vzaqm1vbO7v23n5bJZkktEUSnshuiBXlTNCWZprTbiopjkN OO+HoeuJ3HqhULBF3epxSP8YDwSJGsDZSYB8+Ii9VLMjDjI+ K+wh5EosBp4Fdc+rOFGiRuCWpQYlmYH95/YRkMRWacKxUz3V S7edYakY4LapepmiKyQgPaM9QgWOq/Hz6QIFOjNJHUSJNCY2 m6u+JHMdKjePQdMZYD9W8NxH/83qZji79nIk001SQ2aIo40g naJIG6jNJieZjQzCRzNyKyBBLTLTJrGpCcOdfXiTts7rr1N 3b81rjqoyjAkdwDKfgwgU04Aaa0AICBTzDK7xZT9aL9W59zF qXrHLmAP7A+vwB39uWjw==</latexit>
| gbulki
<latexit sha1_base64="I1jkte6GFk70WC31Asnwvhzb0N I=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSEfQkBS8eK9gPaGLYbCft0s0m7G6EEnPxr3jxoIhXf4Y3/43bNgdtfTDw eG+GmXlhypnSjvNtLS2vrK6tVzaqm1vbO7v23n5bJZmk0KIJT2Q3JAo4E9DSTHPophJIHHLohKPrid95AKlYIu70OAU/JgP BIkaJNlJgHz5iL1UsyMOMj4r7AfYkEQMOgV1z6s4UeJG4JamhEs3A/vL6Cc1iEJpyolTPdVLt50RqRjkUVS9TkBI6IgPoGSp IDMrPpw8U+MQofRwl0pTQeKr+nshJrNQ4Dk1nTPRQzXsT8T+vl+no0s+ZSDMNgs4WRRnHOsGTNHCfSaCajw0hVDJzK6ZDIg nVJrOqCcGdf3mRtM/qrlN3b89rjasyjgo6QsfoFLnoAjXQDWqiFqKoQM/oFb1ZT9aL9W59zFqXrHLmAP2B9fkD4WeWkA==</ latexit><latexit sha1_base64="I1jkte6GFk70WC31Asnwvhzb0N I=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSEfQkBS8eK9gPaGLYbCft0s0m7G6EEnPxr3jxoIhXf4Y3/43bNgdtfTDw eG+GmXlhypnSjvNtLS2vrK6tVzaqm1vbO7v23n5bJZmk0KIJT2Q3JAo4E9DSTHPophJIHHLohKPrid95AKlYIu70OAU/JgP BIkaJNlJgHz5iL1UsyMOMj4r7AfYkEQMOgV1z6s4UeJG4JamhEs3A/vL6Cc1iEJpyolTPdVLt50RqRjkUVS9TkBI6IgPoGSp IDMrPpw8U+MQofRwl0pTQeKr+nshJrNQ4Dk1nTPRQzXsT8T+vl+no0s+ZSDMNgs4WRRnHOsGTNHCfSaCajw0hVDJzK6ZDIg nVJrOqCcGdf3mRtM/qrlN3b89rjasyjgo6QsfoFLnoAjXQDWqiFqKoQM/oFb1ZT9aL9W59zFqXrHLmAP2B9fkD4WeWkA==</ latexit><latexit sha1_base64="I1jkte6GFk70WC31Asnwvhzb0N I=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSEfQkBS8eK9gPaGLYbCft0s0m7G6EEnPxr3jxoIhXf4Y3/43bNgdtfTDw eG+GmXlhypnSjvNtLS2vrK6tVzaqm1vbO7v23n5bJZmk0KIJT2Q3JAo4E9DSTHPophJIHHLohKPrid95AKlYIu70OAU/JgP BIkaJNlJgHz5iL1UsyMOMj4r7AfYkEQMOgV1z6s4UeJG4JamhEs3A/vL6Cc1iEJpyolTPdVLt50RqRjkUVS9TkBI6IgPoGSp IDMrPpw8U+MQofRwl0pTQeKr+nshJrNQ4Dk1nTPRQzXsT8T+vl+no0s+ZSDMNgs4WRRnHOsGTNHCfSaCajw0hVDJzK6ZDIg nVJrOqCcGdf3mRtM/qrlN3b89rjasyjgo6QsfoFLnoAjXQDWqiFqKoQM/oFb1ZT9aL9W59zFqXrHLmAP2B9fkD4WeWkA==</ latexit><latexit sha1_base64="I1jkte6GFk70WC31Asnwvhzb0N I=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSEfQkBS8eK9gPaGLYbCft0s0m7G6EEnPxr3jxoIhXf4Y3/43bNgdtfTDw eG+GmXlhypnSjvNtLS2vrK6tVzaqm1vbO7v23n5bJZmk0KIJT2Q3JAo4E9DSTHPophJIHHLohKPrid95AKlYIu70OAU/JgP BIkaJNlJgHz5iL1UsyMOMj4r7AfYkEQMOgV1z6s4UeJG4JamhEs3A/vL6Cc1iEJpyolTPdVLt50RqRjkUVS9TkBI6IgPoGSp IDMrPpw8U+MQofRwl0pTQeKr+nshJrNQ4Dk1nTPRQzXsT8T+vl+no0s+ZSDMNgs4WRRnHOsGTNHCfSaCajw0hVDJzK6ZDIg nVJrOqCcGdf3mRtM/qrlN3b89rjasyjgo6QsfoFLnoAjXQDWqiFqKoQM/oFb1ZT9aL9W59zFqXrHLmAP2B9fkD4WeWkA==</ latexit>
| gCFT i
<latexit sha1_base64="8gbY1qT60FNQ2s4R4kahsQuiYD E=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXJWkStuVFAriskJf0MQwmU7SoZNJmJkIJe3CX3HjQhG3/oY7/8bpQ1DRAxcO 59zLvff4CaNSWdaHkVtZXVvfyG8WtrZ3dvfM/YOOjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP1RY+Z374iQNOYtNU6IG6G Q04BipLTkmUcT6CSSelnjqjW9DaEjEA8Z8cyiVbIrlfNaGS5ItbokNQvaJWuOIlii6ZnvziDGaUS4wgxJ2betRLkZEopiRqY FJ5UkQXiEQtLXlKOISDeb3z+Fp1oZwCAWuriCc/X7RIYiKceRrzsjpIbytzcT//L6qQpqbkZ5kirC8WJRkDKoYjgLAw6oIF ixsSYIC6pvhXiIBMJKR1bQIXx9Cv8nnXLJ1sncXBTrl8s48uAYnIAzYIMqqINr0ARtgMEEPIAn8GzcG4/Gi/G6aM0Zy5lD8A PG2yflZpYF</latexit><latexit sha1_base64="8gbY1qT60FNQ2s4R4kahsQuiYD E=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXJWkStuVFAriskJf0MQwmU7SoZNJmJkIJe3CX3HjQhG3/oY7/8bpQ1DRAxcO 59zLvff4CaNSWdaHkVtZXVvfyG8WtrZ3dvfM/YOOjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP1RY+Z374iQNOYtNU6IG6G Q04BipLTkmUcT6CSSelnjqjW9DaEjEA8Z8cyiVbIrlfNaGS5ItbokNQvaJWuOIlii6ZnvziDGaUS4wgxJ2betRLkZEopiRqY FJ5UkQXiEQtLXlKOISDeb3z+Fp1oZwCAWuriCc/X7RIYiKceRrzsjpIbytzcT//L6qQpqbkZ5kirC8WJRkDKoYjgLAw6oIF ixsSYIC6pvhXiIBMJKR1bQIXx9Cv8nnXLJ1sncXBTrl8s48uAYnIAzYIMqqINr0ARtgMEEPIAn8GzcG4/Gi/G6aM0Zy5lD8A PG2yflZpYF</latexit><latexit sha1_base64="8gbY1qT60FNQ2s4R4kahsQuiYD E=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXJWkStuVFAriskJf0MQwmU7SoZNJmJkIJe3CX3HjQhG3/oY7/8bpQ1DRAxcO 59zLvff4CaNSWdaHkVtZXVvfyG8WtrZ3dvfM/YOOjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP1RY+Z374iQNOYtNU6IG6G Q04BipLTkmUcT6CSSelnjqjW9DaEjEA8Z8cyiVbIrlfNaGS5ItbokNQvaJWuOIlii6ZnvziDGaUS4wgxJ2betRLkZEopiRqY FJ5UkQXiEQtLXlKOISDeb3z+Fp1oZwCAWuriCc/X7RIYiKceRrzsjpIbytzcT//L6qQpqbkZ5kirC8WJRkDKoYjgLAw6oIF ixsSYIC6pvhXiIBMJKR1bQIXx9Cv8nnXLJ1sncXBTrl8s48uAYnIAzYIMqqINr0ARtgMEEPIAn8GzcG4/Gi/G6aM0Zy5lD8A PG2yflZpYF</latexit><latexit sha1_base64="8gbY1qT60FNQ2s4R4kahsQuiYD E=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXJWkStuVFAriskJf0MQwmU7SoZNJmJkIJe3CX3HjQhG3/oY7/8bpQ1DRAxcO 59zLvff4CaNSWdaHkVtZXVvfyG8WtrZ3dvfM/YOOjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP1RY+Z374iQNOYtNU6IG6G Q04BipLTkmUcT6CSSelnjqjW9DaEjEA8Z8cyiVbIrlfNaGS5ItbokNQvaJWuOIlii6ZnvziDGaUS4wgxJ2betRLkZEopiRqY FJ5UkQXiEQtLXlKOISDeb3z+Fp1oZwCAWuriCc/X7RIYiKceRrzsjpIbytzcT//L6qQpqbkZ5kirC8WJRkDKoYjgLAw6oIF ixsSYIC6pvhXiIBMJKR1bQIXx9Cv8nnXLJ1sncXBTrl8s48uAYnIAzYIMqqINr0ARtgMEEPIAn8GzcG4/Gi/G6aM0Zy5lD8A PG2yflZpYF</latexit>
| fCFT i
<latexit sha1_base64="Sd reyXSSxRwjLQdkWW7Ctczmm/0=">AAAB/3icdVDLSsNAFJ3U V62vqODGzWARXJWkStuVFAriskJf0MQwmU7aoZNJmJkIJe3C X3HjQhG3/oY7/8ZpG0FFD1w4nHMv997jx4xKZVkfRm5ldW19 I79Z2Nre2d0z9w86MkoEJm0csUj0fCQJo5y0FVWM9GJBUOg z0vXHjbnfvSNC0oi31CQmboiGnAYUI6UlzzyaQieW1EsbV63 ZbQAdgfiQEc8sWiW7UjmvleGSVKsZqVnQLlkLFEGGpme+O4M IJyHhCjMkZd+2YuWmSCiKGZkVnESSGOExGpK+phyFRLrp4v4 ZPNXKAAaR0MUVXKjfJ1IUSjkJfd0ZIjWSv725+JfXT1RQc1P K40QRjpeLgoRBFcF5GHBABcGKTTRBWFB9K8QjJBBWOrKCDu HrU/g/6ZRLtk7m5qJYv8ziyINjcALOgA2qoA6uQRO0AQZT8A CewLNxbzwaL8brsjVnZDOH4AeMt0/j2pYE</latexit><latexit sha1_base64="Sd reyXSSxRwjLQdkWW7Ctczmm/0=">AAAB/3icdVDLSsNAFJ3U V62vqODGzWARXJWkStuVFAriskJf0MQwmU7aoZNJmJkIJe3C X3HjQhG3/oY7/8ZpG0FFD1w4nHMv997jx4xKZVkfRm5ldW19 I79Z2Nre2d0z9w86MkoEJm0csUj0fCQJo5y0FVWM9GJBUOg z0vXHjbnfvSNC0oi31CQmboiGnAYUI6UlzzyaQieW1EsbV63 ZbQAdgfiQEc8sWiW7UjmvleGSVKsZqVnQLlkLFEGGpme+O4M IJyHhCjMkZd+2YuWmSCiKGZkVnESSGOExGpK+phyFRLrp4v4 ZPNXKAAaR0MUVXKjfJ1IUSjkJfd0ZIjWSv725+JfXT1RQc1P K40QRjpeLgoRBFcF5GHBABcGKTTRBWFB9K8QjJBBWOrKCDu HrU/g/6ZRLtk7m5qJYv8ziyINjcALOgA2qoA6uQRO0AQZT8A CewLNxbzwaL8brsjVnZDOH4AeMt0/j2pYE</latexit><latexit sha1_base64="Sd reyXSSxRwjLQdkWW7Ctczmm/0=">AAAB/3icdVDLSsNAFJ3U V62vqODGzWARXJWkStuVFAriskJf0MQwmU7aoZNJmJkIJe3C X3HjQhG3/oY7/8ZpG0FFD1w4nHMv997jx4xKZVkfRm5ldW19 I79Z2Nre2d0z9w86MkoEJm0csUj0fCQJo5y0FVWM9GJBUOg z0vXHjbnfvSNC0oi31CQmboiGnAYUI6UlzzyaQieW1EsbV63 ZbQAdgfiQEc8sWiW7UjmvleGSVKsZqVnQLlkLFEGGpme+O4M IJyHhCjMkZd+2YuWmSCiKGZkVnESSGOExGpK+phyFRLrp4v4 ZPNXKAAaR0MUVXKjfJ1IUSjkJfd0ZIjWSv725+JfXT1RQc1P K40QRjpeLgoRBFcF5GHBABcGKTTRBWFB9K8QjJBBWOrKCDu HrU/g/6ZRLtk7m5qJYv8ziyINjcALOgA2qoA6uQRO0AQZT8A CewLNxbzwaL8brsjVnZDOH4AeMt0/j2pYE</latexit><latexit sha1_base64="Sd reyXSSxRwjLQdkWW7Ctczmm/0=">AAAB/3icdVDLSsNAFJ3U V62vqODGzWARXJWkStuVFAriskJf0MQwmU7aoZNJmJkIJe3C X3HjQhG3/oY7/8ZpG0FFD1w4nHMv997jx4xKZVkfRm5ldW19 I79Z2Nre2d0z9w86MkoEJm0csUj0fCQJo5y0FVWM9GJBUOg z0vXHjbnfvSNC0oi31CQmboiGnAYUI6UlzzyaQieW1EsbV63 ZbQAdgfiQEc8sWiW7UjmvleGSVKsZqVnQLlkLFEGGpme+O4M IJyHhCjMkZd+2YuWmSCiKGZkVnESSGOExGpK+phyFRLrp4v4 ZPNXKAAaR0MUVXKjfJ1IUSjkJfd0ZIjWSv725+JfXT1RQc1P K40QRjpeLgoRBFcF5GHBABcGKTTRBWFB9K8QjJBBWOrKCDu HrU/g/6ZRLtk7m5qJYv8ziyINjcALOgA2qoA6uQRO0AQZT8A CewLNxbzwaL8brsjVnZDOH4AeMt0/j2pYE</latexit>
Figure 3: The two situations for the bulk observer. The observer should measure the area of the
surface γ to determine which situation it is in.
detect such small differences in geometry. Indeed, it might be more relevant to have a scenario
in which the entropy ratio is constant instead, since this would correspond to a noticeable change
in area between the two cases (and would be more in line with the portrayal in Figure 3). As
mentioned in the discussion from Section 1, we conjecture that even estimating the entropy ratio
should be hard based on LWE. Specifically, by considering extensions of the ETCF functions in
which the function g is taken to be 2m-to-1, with m = poly(n+k), we would achieve a constant (or
even polynomial) ratio between the entropies of the two functions. The results from the previous
sections would still allow for these functions to be evaluated in constant depth, leading the desired
result.
A final comment we make about the above experiment is that it does not require holographic
duality to be true for our own universe. Indeed, as long as AdS/CFT is true it should in principle be
possible to simulate dynamics in a “virtual” AdS space by constructing CFT states on a quantum
computer and evolving them under the CFT Hamiltonian. Can instances of LWE and ETCF
functions be encoded in these CFT states? We leave answering this question and formalizing the
above experiment for future work.
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A An unconditional lower bound on entropy estimation
A question we can ask concerning entropy estimation is whether the entropy of a quantum state,
ρ, on n-qubits can be estimated up to additive error  in time (and with a number of copies of
ρ) that scales as poly(n, log(1/)). While it has already been shown in [AISW19, SH19] that the
answer is no, here we give a complexity-theoretic proof of this fact:
Theorem 11. There is no quantum algorithm running in time poly(n, log(1/)) for estimating the
entropy of an n-qubit quantum state ρ to within additive error  > 0.
Proof. We prove this result by contradiction. Suppose that a poly(n, log(1/)) quantum algorithm
for entropy estimation existed. We will argue that this implies BQP/qpoly = ALL, where BQP/qpoly
denotes the set of languages that can be decided by a polynomial-time quantum algorithm with
29
quantum advice, and ALL denotes the set of all languages [zoo]. A BQP/qpoly algorithm is a
quantum algorithm that runs in polynomial time and that receives, in addition to its input, denoted
x, a quantum state on poly(|x|) qubits (the advice state) that depends only on the size of the input
and not on the input itself. We leverage this fact, together with the ability to efficiently estimate
entropy to provide an algorithm for deciding any language.
For a given language L ⊆ {0, 1}∗ and input length n, let Ln denote the set of strings x of
length n, such that x ∈ L. We also let L¯n denote the strings of length n not contained in L, i.e.
L¯n = {0, 1}n \ Ln. With this notation, we define the states
|ψn〉Y es =
1√
Ln
∑
x∈Ln
|x〉 |ψn〉No =
1√
L¯n
∑
x∈L¯n
|x〉 (52)
to be the equal superpositions over the “yes” instances of length n and the “no” instances, respec-
tively. Finally, we let EQx be the following unitary operation acting on n+1 qubits (for b ∈ {0, 1}):
EQx |y〉 |b〉 =
{ |y〉 |b⊕ 1〉 if x = y
|y〉 |b〉 otherwise (53)
Note that EQx can be implemented with poly(|x|)-many gates.
The BQP/qpoly algorithm works as follows. Setting  = 2−n−1, the quantum advice will consist
of poly(n) copies of |ψn〉Y es |ψn〉No. The algorithm then appends two qubits in the state |0〉 to
each copy |ψn〉Y es |ψn〉No to get |ψn〉Y es |0〉 |ψn〉No |0〉. Then for the input x, the algorithm applies
EQx to both |ψn〉Y es |0〉 and |ψn〉No |0〉 individually, for all copies. Consider what happens if x is
a “yes” instance (the “no” instance case is analogous). The resulting states will be
EQx |ψn〉Y es |0〉 =
1√
Ln
∑
z∈Ln,z 6=x
|z〉 |0〉+ 1√
L¯n
|x〉 |1〉 (54)
EQx |ψn〉No |0〉 = |ψn〉No |0〉 (55)
If we trace out the first n qubits and denote the resulting states as ρY and ρN , we can see that
S(ρY ) = −Ln − 1
Ln
log
(
Ln − 1
Ln
)
− 1
Ln
log
(
1
Ln
)
(56)
S(ρN ) = 0 (57)
Since Ln ≤ 2n, we have that S(ρY ) ≥ 2−n. But now, by assumption, having poly(n)-many copies
of ρY and ρN we can estimate the entropies of the two states to within additive error 2
−n−1, thus
being able to determine which of the two has non-zero entropy. The algorithm is therefore able
to decide any language L, hence showing that BQP/qpoly = ALL. However, we know from [NY04]
that BQP/qpoly 6= ALL (since, in particular EESPACE 6⊂ BQP/qpoly) and this provides the desired
contradiction.
B HQED with constant depth ground state
In the reduction from Theorem 10 we used the history state construction to approximately map the
outputs of circuits C1 and C2 from an instance of QED to ground states of Hamiltonians H1 and
H2 in HQED. Correspondingly, the entanglement entropy difference for the ground states of H1
and H2 differed from that of the output states of C1 and C2 by an additive term of 1/poly(n+ k).
Here we give an alternate reduction for the case where C1 and C2 are of constant depth d,
based on a recent result of Bravyi, Gosset and Movassagh [BGM19]. This reduction has the
appealing feature that the resulting Hamiltonians will have as ground states exactly C1 |00...0〉 and
C2 |00...0〉, rather than approximate versions of these states. This means that the entanglement
entropy difference for the ground states of H1 and H2 will be identical to that of the states produced
by C1 and C2.
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Lemma 3. There exists a reduction QEDO(1) ≤P HQEDO(1) that exactly preserves the entropy
difference.
Proof. Assuming, as before, that the circuits acting on n+k qubits have the form Cj = UdUd−1...U1,
j ∈ {1, 2}, where each Ui is a quantum gate and d is constant, we use the Hamiltonians considered
in [BGM19]:
Hj =
n+k∑
i=1
Cj |1〉 〈1|iC†j (58)
where |1〉 〈1|i acts non-trivially only on the i’th qubit. Since Cj is a circuit of depth d, the locality
of each term is 2d. Because d is constant, the resulting Hamiltonian is local. As shown in [BGM19],
the unique ground state of Hj is Cj |00...0〉. Thus, the entanglement entropy difference for H1 and
H2 is given by the entanglement entropy difference of C1 |00...0〉 and C2 |00...0〉, concluding the
proof.
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